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ABSTRACT 

We review a novel and authentic way to quantize gravity. This noble clue is based on the fact that 
Einstein gravity can be formulated in terms of symplectic geometry rather than Riemannian geometry 
in the context of emergent gravity. An essential step for emergent gravity is to realize the equiva- 
lence principle, the most important property in the theory of gravity (general relativity), from U{1) 
gauge theory on a symplectic or Poisson manifold. Through the realization of the equivalence princi- 
ple which is an intrinsic property in the symplectic geometry known as the Darboux theorem or the 
Moser lemma, one can understand how diffeomorphism symmetry arises from noncommutative U{1) 
gauge theory and so gravity can emerge from the noncommutative electromagnetism, which is also 
an interacting theory. As a consequence, it is feasible to formulate a background independent quatum 
gravity where the prior existence of any spacetime structure is not a priori assumed but defined by 
fundamental ingredients in quantum gravity theory. This scheme for quantum gravity resolves many 
notorious problems in theoretical physics, for example, to resolve the cosmological constant problem, 
to understand the nature of dark energy and to explain why gravity is so weak compared to other 
forces. In particular, it leads to a remarkable picture for what matter is. A matter field such as leptons 
and quarks simply arises as a stable localized geometry, which is a topological object in the defining 
algebra (noncommutative 7»r-algebra) of quantum gravity. 
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1 Introduction 



The most important property in the theory of gravity (general relativity) is arguably the equivalence 
principle. The equivalence principle says that gravity can be interpreted as an inertial force and so 
it is always possible to locally eliminate the gravitational force by a coordinate transformation, i.e., 
by a local inertial frame. It immediately leads to the remarkable picture that gravity has to describe 
a spacetime geometry rather than a force immanent in spacetime. The equivalence principle also 
implies that gravity is obviously a universal force such that gravity influences and is influenced by 
everything that carries an energy. Therefore the spacetime has to serve as a stage for everything 
supported on it as well as an actor for the dynamical evolution of the stage (spacetime) itself. In order 
to quantize gravity, we thus have to cook a frying pan and a fish altogether. How ? 

1.1 What is quantum gravity ? 

Quantum gravity means to "quantize" gravity. Gravity, according to Einstein's general relativity, is 
the dynamics of spacetime geometry where spacetime is a Riemannian manifold and the gravitational 
field is represented by a Riemannian metric. So naively the quantum gravity is meant to quantize the 
Riemannian manifold. But we are still vague about how to "quantize" a Riemannian manifold. 

Quantum mechanics has constituted a prominent example of "quantization" about for a century 
since its foundation. But the quantization in this case is controlled by the Planck constant h whose 
physical dimension is length times momentum, i.e., {x x p). Therefore the quantization in terms of h 
is to quantize (or to deform in a weak sense) a particle phase space, as we know very well. Because 
we consider a classical field 0(x) G C°°(M) as a smooth function defined on a spacetime M and a 
many-body system describing infinitely many particles distributed over the spacetime M, quantum 
field theory is also defined by the quantization in terms of h in an infinite-dimensional particle phase 
space, as we clearly know. 

Now consider to "quantize" gravity. With h again ? Because gravity is characterized by its own 
intrinsic scale given by the Newton constant G where classical gravity corresponds to G limitQ 
we should leave open the possibility that the quantum gravity is defined by a deformation in terms 
of G instead of h. Customarily we have taken the same route to the quantization of gravity as the 
conventional quantum field theory. Thus the conventional quantum gravity also intends to quantize 
an infinite-dimensional particle phase space associated with the metric field g^u{x) (or its variants 
such as the Ashtekar variables or spin networks) of Riemannian geometry. But we have to carefully 
contemplate whether our routine approach for quantum gravity is on a right track or not, because 
gravity is very different from other forces such as the electromagnetic, weak and strong forces. For a 

'Nevertheless, gravitational phenomena are ubiquitous in our everyday life. The reason is that the gravitational force 
is only attractive and so always additive. As a result, the standard gravitational parameter GM for an astronomical body 
with mass M is not small. For example, GMe = 4 x IQ^'^m? / for the Earth where Afe — 5.96 x 10^'^%, which 
corresponds to 1cm compared to the Planck length Lpi = \fG ^ Wr^^cm. 
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delightful journey to the quantum gravity, it is necessary to pin down the precise object of quantization 
(h or G ?) and clearly specify correct variables for quantization (spacetime itself or fields associated 
with the spacetime ?). 

For the reason we pose the following two questions j§ 

Ql. Is gravity fundamental or emergent ? 

Q2. Which quantization defines quantum gravity 1 hov Gl 

In Ql we usually refer a physical entity (force or field) to being fundamental when it does not 
have any superordinate substructure. The emergence usually means the arising of novel and coherent 
structures, patterns and properties through the collective interactions of more fundamental entities; 
for example, the superconductivity in condensed matter system or the organization of life in biology. 

Regarding to the question Ql, it is quite amazing to notice that the picture of emergent gravity 
was already incoded in the Cartan's formulation of gravity [HI. In general relativity the gravitational 
force is represented by a Riemannian metric of curved spacetime manifold M 

It was E. Cartan to show that the metric (|l.ll) can be defined by the tensor product of two vector fields 

Ea = E^{y)^ G r(TM) as follows 

d_ 

Mathematically, a vector field X on a smooth manifold M is a derivation of the algebra C°°(M). 
Here the vector fields Ea G T{TM) are the smooth sections of tangent bundle TM M which 
are dual to the vector space E" = E'^{y)dy'' e r{T*M), i.e., {E\ Ea) = S^. The expression (fOl) 
glimpses the avatar of gravity that a spin-two graviton might arise as a composite of two spin-one 
vector fields. In other words, Eq. (11.21 ) can be abstracted by the relation (l(g)l)5 = 2©0. Incidentally 
both mathematician and physicist are using the same word, vector field, in spite of a bit different 
meaning. 

Eq. (11.21) suggests that we need gauge fields taking values in the Lie algebra of diffeomorphisms, 
in order to realize a composite graviton from spin-one vector fields. To be precise, the vector fields 
Ea = Ej^{y)-^ G r(TM) will be identified with "0-dimensional" gauge fields satisfying the Lie 
algebra 

[Ea,E,]=-fab''E,. (1.3) 

Of course, the Standard Model does not have such kind of gauge fields. But we will see later that the 
desired vector fields arise from electromagnetic fields living in noncommutative spacetime (11.81) [!2l|3l 
|4l[5]|. Thus the noncommutative spacetime will allow a novel unification between electromagnetism 
and Einstein gravity in a completely different context from the Kaluza- Klein unification. 



(— ) =r]'''Ea0E,. (1.2) 



problem that seems insurmountable is just seemingly so because we have not asked the right question. You should 
always ask the right question and then you can solve the problem. - Niels Henrik Abel (1802-1829) 
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Regarding to the question Q2, we are willing to ponder on the possibility that the Newton constant 
G signifies an intrinsic Poisson structure 9 = ^0'^'^{y)-£jji ^ ^ ^ t\ TM of spacetime because the 
gravitational constant G carries the physical dimension of (length)^ in the natural unit. Recall that 
the particle phase space P has its intrinsic Poisson structure t] = h-^ A ^ [61 so that 

{f^9Ux,p) = h[——-——) (1.4) 

where f,g E C°°{P). Here we intentionally inserted the Planck constant h into rj to make it di- 
mensionless like as 6. Then the canonical quantization can be done by associating to a commutative 
algebra C°°{P) of physical observables of a classical mechanical system, a noncommutative algebra 
Ah of linear operators on a suitable Hilbert space H. That is, the physical observables /, G C°°{P) 
are replaced by self-adjoint operators f,gE An acting on H and the Poisson bracket (|1.4I) is replaced 
by a quantum bracket 

{f,9}n -> -^[l9]. (1.5) 

This completes the quantization of mechanics of particle system whose phase space P is now non- 
commutative. 

In the same way one can define a Poisson bracket {■,-}e '■ C°°{M) x C°°{M) — )■ C°°{M) using 
the Poisson structure 9 E /\^ TM of spacetime manifold M: 

= (^|; - (1.6) 

where f,g E C°°{M). In the case where 6^'"^ is a constant cosymplectic matrix of rank 2n, one 
can apply the same canonical quantization to the Poisson manifold (A/, 6). One can associate to a 
commutative algebra (C°°(M), {■, -je) of smooth functions defined on the spacetime Af, a noncom- 
mutative algebra Ae of linear operators on a suitable Hilbert space "H. That is, the smooth functions 
f,g E C°°{M) become noncommutative operators (fields) G Ae acting on "H and the Poisson 
bracket (11.61) is replaced by a noncommutative bracket E [H 

{f,9}e -> -i[lg]. (1.7) 

This completes the quantization of Poisson algebra (C°°(M), {■, -je) where spacetime M is now 
noncommutative, i.e., 

[^M^^-] = ,^M-. (1.8) 

Throughout the paper we will omit the hat for noncommutative coordinates E Ag for notational 
convenience. 

The question still remains. What is the relation between the Poisson algebra (C°°(M), {■,-}e) 
and (quantum) gravity ? We will not try to answer to the question right now. Instead we want 
to point out that the vector fields in Eq. (|1.2| ) can be derived from the Poisson algebra [|2l El IH |5]|. 
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It is well-known [6J that, for a given Poisson algebra (C°°(M), {■,-}g), there exists a natural map 
C°°{M) TM : f ^ Xf between smooth functions in C°°(M) and vector fields in TM such that 

Xj{g) = {gJ}e (1.9) 

for any g G C°^(M). Indeed the assignment (11.91 ) between a Hamiltonian function / and the corre- 
sponding Hamiltonian vector field X/ is the Lie algebra homomorphism in the sense 

Xis,a}e = -[Xf.X,] (1.10) 

where the right-hand side represents the Lie bracket between the Hamiltonian vector fields. 

Motivated by the homomorphism between the Poisson algebra (C°°(M), {■, -je) and the Lie al- 
gebra of vector fields [l6j|, one may venture to formulate Einstein gravity in terms of symplectic or 
Poisson geometry rather than Riemannian geometry. Suppose that there is a set of fields defined on a 
symplectic manifold M 

{Da{y) e C'^{M)\y EM, a = !,■■■, 2n}. (1.11) 

According to the map (11.91) . the smooth functions in Eg. (11.1 II) can be mapped to vector fields as 
follows 

Kim ^ {D^{y), f{y)}e = (1-12) 

The vector fields Va{y) = V^{y)-^ E T{TM) take values in the Lie algebra of volume-preserving 
diffeomorphisms because d^VJ,^ = by definition. Because the vector fields Va need not be orthonor- 
mal though they are orthogonal frames, it will be possible to relate the vector fields Va E T{TM) to 
the orthonormal frames (vielbeins) Ea in Eq. (|1.2l) by Va = XEa with A E C°°{M) to be determined 

El. 

Our above reasoning implies that a field theory equipped with the fields in Eq. (11.1 II) on a symplec- 
tic or Poisson manifold may give rise to Einstein gravity. If this is the case, quantum gravity will be 
much more accessible because there is a natural symplectic or Poisson structure and so it is obvious 
how to quantize the underlying system, as was already done in Eqs. (|1.7l ) and (11.81) . Following this 
line of thought, we will aim to answer to what quantum gravity is by carefully addressing the issues 
Ql and Q2. 



1.2 Quartet of physical constants 

The physical constants defining a theory prescribe all essential properties of the theory. It was M. 
Planck to realize that the union of three "fundamental" constants in Nature, the Planck constant h 
in quantum mechanics, the universal velocity c in relativity, and the Newton constant G in gravity. 
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uniquely fixes ciiaracteristic scales for quantum gravity: 



pi 




2.2 X lO^^c/, 



Gh 

— = 1.6 X 10" 



33 



pi 



^ = 5.4 X 10-^^ 



cm, 



s. 



(1.13) 



The expression (11.131) holds in four dimensions and it has a different expression in other dimensions. 
It is interesting that one cannot construct a dimensionless quantity out of the three constants except 
in two dimensions. In two dimensions the combination Gh/c' is a dimensionless quantity. It can be 
understood by noticing that pure two-dimensional gravity is topological and so it should not trigger 
any dynamical scale. Therefore, except the two dimensions, each constant must play an independent 
role in the theory of quantum gravity. 

Recent developments in theoretical physics reveal in many ways that gravity may be not a funda- 
mental but an emergent phenomenon, especially, as string theory has demonstrated in the last decade 
||9l . This means that the Newton constant G can be determined by some quantities defining the theory 
of emergent gravity. Because we want to derive the gravity from some gauge theory, it is proper to 
consider the quartet of physical constants by adding a coupling constant e which is the electric charge 
but sometimes it will be denoted with qym to refer to a general gauge coupling constant. Using the 
symbol L for length, T for time, M for mass, and writing [X] for the dimensions of some physical 
quantity X, we have the following in D dimensions 

[h] = ML'^T-\ 
[c]=LT~\ 

[e2] = ML^-^T-^, (1.14) 
[G] = M-'L^-^T-^. 



A remarkable point of the system (|1.14l) is that it specifies the following intrinsic scales independently 
of dimensions: 

n2- 



rpl 



e 
VG 
Gh^ 

Gh^ 



(1.15) 



From the four dimensional case where e'^/hc ^ 1/ 137, one can see that the scales in (11.151) are not so 
different from the Planck scales in (11.131) . 
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Note that the first relation GM"^ = in (|1.15l) implies that at the mass scale M the gravitational 
and electromagnetic interactions become of equal strength. This is a desirable property for our pur- 
pose because we want to derive gravity from gauge theory ! Also it should be expected that the system 
(11.141 ) admits a dimensionless quantity because the four quantities are determined by three variables. 
It is given by the following combination 



One can see from Eq. (ll.l6h that in lower dimensions it is possible to construct a dimensionless quan- 
tity out of three only: {h, c, G} in D = 2, {c, e, G} in D = 3, {h, c, e} in D = 4, and {h, e, G} in 
D = 5. In D > 6 dimensions, we need all of the four constants in Eq. (ll.l4l) to have a dimensionless 
quantity. It smells of a hidden interesting physics but we could not figure out what it is. But we will 
obviously see what the scale in Eq. dl.lSI) set by the system (11.141) means. Notice that the length L in 
Eq. (|1.15l) is the Compton wavelength of mass M where the gravitational and electromagnetic interac- 
tions have the same strength. It is also the scale of spacetime noncommutativity where the conspiracy 
between gravity and gauge theory takes place. 

Eq. (|1.15l ) implies that, if gauge theory whose coupling constant is given by e is equipped with an 
intrinsic length scale L, the Newton constant G can be determined by field theory parameters only, 
i.e., ~ e^L^, hinting an intimate correspondence between gravity and gauge theory [5J. For 
example, a noncommutative gauge theory and a field theory on a D-brane are the cases where can 
be identified with \9\, the noncommutativity of spacetime, for the former and 27ra', the size of string, 
for the latter^! As we will discuss later, a theory of quantum gravity must be background independent 
and thus the dynamical scale for quantum gravity will be generated by a vacuum condensate which is 
precisely the one in (11.151) . 

1.3 Noncommutative spacetime as quantum geometry 

We glimpsed some reasons why the gravitational constant G dictates a symplectic or Poisson structure 
to spacetime M. Thereby a field theory will be defined on the symplectic manifold and, as we argued 
before, Einstein gravity may arise from the field theory. If this is the case, quantum gravity will be 
defined by quantizing a field theory in terms of the underlying Poisson structure. It is simply the Dirac 
quantization for a canonical symplectic structure such as Eq. (ll.6l) . Therefore, if all these are smoothly 
working, it means that quantum geometry can be defined by a field theory on noncommutative space 
such as (11.81 ). Let us briefly sketch how it is possible. 

^^The theory on a D-brane also needs an intrinsic length parameter because it is always defined with the action 
Jj^j ^ydet{g + 27ra'F) and so a' = should carry the dimension of (length)^ for dimensional reason. Because the 
parameter disappears from the theory if F = 0, it is necessary for the field strength F to be nowhere vanishing in 
order for the parameter to have an operational meaning as an intrinsic length scale of the theory. In this case where 
{F)r^oo = B, the two theories wiU be physically equivalent as was shown in ifTOll . 




(1.16) 
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A symplectic structure B = ^B^,ydy'^ A dy'^ of spacetime M defines a Poisson structure 6'^"^ = 
{B^^Y" on M where jj, u = 1, . . . , 2n. The Dirac quantization with respect to the Poisson structure 
9^'^ then leads to the quantum phase space (|1.8I) . Because the Poisson structure 9^'^ defines canonical 
pairs between noncommutative coordinates E Ae, one can introduce annihilation and creation 
operators, and a] with i,j = 1, ■ ■ ■ ,n, respectively, using those pairs. For example, ai = {y^ + 
iy'^)/\/2&^, a\ = {y^ — iy'^)/V29^, etc. Then the Moyal algebra (II. 8|) is equal to the Heisenberg 
algebra of an n-dimensional harmonic oscillator, i.e., 

[y'',y'']=t9^'' ^ [a„a]]=6,,. (1.17) 

It is a well-known fact from quantum mechanics that the representation space of noncommutative 
R^" is given by an infinite-dimensional, separable Hilbert space 

'H = {\n) = \ni,--- ,nn), = 0, 1, ■ ■ ■ } (1.18) 

which is orthonormal, i.e., {n\m) = dam and complete, i.e., X]^ol^)(^l ~ Note that every 
noncommutative space can be represented as a theory of operators in an appropriate Hilbert space "H, 
which consists of noncommutative 7»r-algebra Ae like as a set of observables in quantum mechanics. 
Therefore any field $ G in the noncommutative space (11.171) becomes an operator acting on the 
Fock space 1-L and can be expanded in terms of the complete operator basis 

Ae = {\n){m\, rii^rrij = 0, 1, ■ ■ ■}, (1-19) 

that is, 

$(!/) = 5^ $s^|n)(m|. (1.20) 

n.m 

One may use the 'Cantor diagonal method' to put the n-dimensional positive integer lattice in "H 
into a one-to-one correspondence with the infinite set of natural numbers (i.e., 1-dimensional positive 
integer lattice): \n) ^ |n), n = 1, ■ ■ ■ , — )■ oo. In this one-dimensional basis, Eq. (1 1.201) can be 
relabeled as the following form 

oo 

$(y) = ^ \n){m\. (1.21) 

n,m=l 

One can regard Mnm in Eq. (|1.21|) as elements of an x iV matrix M in the N oo limit. We then 
get the following important relation [|7l[8l: 

Any field on noncommutative R^" = N x N matrix at A^ — )■ cxo. (1-22) 

If the field $(?/) G C°°{M) was originally a real field, then M should be a Hermitian matrix. The 
relation (|1.22l) means that a field in the noncommutative ^-algebra Ae can be regarded as a master 
field of a large A^ matrix. 

Now the very notion of point in a noncommutative space such as the Moyal space (11.81 ) is doomed, 
instead it is replaced by a state in "H. So the usual concept of geometry based on a smooth manifold 
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would be replaced by a theory of operator algebra, e.g., the noncommutative geometry a la Connes 
[fm or the theory of deformation quantization a la Kontsevich [fT2]| . Furthermore, through the matrix 
representation (11.221) of the operator algebra, one can achieve a coordinate-free description of quan- 
tum field theory. Therefore it would be possible to achieve a background independent formulation 
of quantum gravity where the interactions between fundamental ingredients can be defined without 
introducing any spacetime structure [|5l. For that purpose, the most natural objects are algebra- valued 
fields, which can be identified with elements in noncommutative ^ir-algebra such as noncommutative 
gauge fields. 

Several matrix models [[T3l[T4l[T5l have appeared in string theory. They illustrated how the matrix 
model can be regarded as a nonperturbative formulation of gravity or string theory in the sense that it 
describes a quantized geometry with an arbitrary topology. The matrix theory contains multiple branes 
with arbitrary topologies as its spectrum and allows the topology change of spacetime manifold as a 
sequence of the change of matrix data [|T6]| . 

1.4 Outline of the paper 

In this review we will not survey other approaches about emergent gravity because good expositions 
[fTTl already exist and our approach is quite different although an underlying philosophy may be 
the same. Our unique clue is based on the fact that Einstein gravity can be formulated in terms 
of symplectic geometry flSj. Basically we are considering a symplectic geometry as a commutative 
limit of noncommutative geometry which is regarded as a microscopic structure of spacetime, like 
as the classical mechanics in a mundane scale is simply a coarse graining of quantum mechanics at 
atomic world. Riemannian geometry thus appears at a macroscopic world as a coarse graining of the 
noncommutative geometry, as we already briefly outlined. 

Our line of thought has been motivated by several similar ideas, mostly by the AdS/CFT corre- 
spondence IfTSl and matrix models ffT3l [T4l [TSl in string theory. Also the work by Rivelles [fT9l and 
the following works [|20l triggered to think about a noncommutative field theory as a theory of grav- 
ity. A series of interesting works along this line has recently been conducted by Steinacker and his 
collaborators [|2T1 l22l |23l . See his recent review [|24]| and references therein. Also there are many 
closely related works [|25l [2^ |271 |M llll [301 [3D [321 [331. By the way the emergent gravity based on 
noncommutative field theories is relatively new. So it would be premature to have an extensive review 
about this subject because it is still in an early stage of development. Therefore we will focus on ours. 

Although this review is basically a coherent survey of the recent works [[2l [3l [H [51 [34l [35l [36l [371 
[38l of the second author, it also contains several new results and many clarifications, together with 
important pictures about quantum gravity. Early reviews are [[35l[36l . 

In Section 2 we elucidate the reason why Einstein gravity can emerge from the electromagnetism 
as long as spacetime admits a symplectic structure and explicitly show how Einstein's equations can 
be derived from the equations of motion for electromagnetic fields on a symplectic spacetime. The 



8 



emergent gravity we propose here actually corresponds to a field theory realization of open-closed 
string duality or large duality in string theory and a generalization of homological mirror symmetry 
[|39l in the sense that the deformation of symplectic structure oj is isomorphic to the deformation of 
Riemannian metric g in the triple {M,g,uj). 

In Section 2.1, we explain the equivalence principle for the electromagnetic force, stating that 
there always exists a coordinate transformation to locally eliminate the electromagnetic force if space- 
time supports a symplectic structure. This important property for emergent gravity is inherited from 
the Darboux theorem [|40l or the Moser lemma [|4TI in symplectic geometry, which also explains how 
diffeomorphism symmetry in general relativity arises from such an electromagnetism. It is shown 
how the equations of motion for U{1) gauge fields are mapped to those for vector fields defined by 
(fmi) . 

In Section 2.2, we first initiate the emergent gravity by showing [|2l that self-dual electromag- 
netism on a symplectic 4-manifold is equivalent to self-dual Einstein gravity. Although it was previ- 
ously proved in [5], we newly prove it again in a more geometric way to illustrate how elegant and 
beautiful the emergent gravity is. 

In Section 2.3, we derive the Einstein's equations from the electromagnetism on a symplectic 
manifold, rigorously confirming the speculation in Section 1.1. We found [ 5 ] that the emergent gravity 
from the electromagnetism predicts some exotic energy whose physical nature will be identified in 
Section 5.2. 

In Section 3, we discuss how to quantize Einstein gravity in the context of emergent gravity by 
the canonical quantization (|1.7I) of a spacetime Poisson structure. 

We argue in Section 3.1 that the equivalence principle for the emergent gravity can be lifted to a 
noncommutative spacetime such as (11.81) . The equivalence principle in a noncommutative spacetime 
is realized as a gauge equivalence between star products in the context of deformation quantization 
lfT2l . so dubbed as the "quantum equivalence principle" [3]. This implies that quantum gravity can 
consistently be derived from the quantum equivalence principle and matter fields can arise from the 
quantized spacetime. 

In Section 3.2, it is shown ||4l that the emergent gravity from a noncommutative 7»r-algebra Ae can 
be understood as a large duality such as the AdS/CFT correspondence and matrix models in string 
theory. The gravitational metric determined by large N matrices or noncommutative gauge fields is 
explicitly derived. 

We show in Section 3.3 how the background independent formulation can be achieved for emer- 
gent gravity where any kind of spacetime structure is not a priori assumed. An important picture of 
emergent gravity is identified. In order to describe a classical geometry from a background indepen- 
dent theory, it is necessary to have a nontrivial vacuum defined by a coherent condensation of gauge 
fields, e.g., the vacuum defined by (11.171) . which is also the origin of spacetime symplectic or Poisson 
structure such as (11.61) . 

In Section 3.4, the emergent gravity is generalized to a general noncommutative spacetime such 
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as the case with 9^" = nonconstant [3J and a general Poisson manifold |f38l. 

In Section 4, we identify what particles and matter fields are and how they arise from a noncom- 
mutative 7»r-algebra Ae- We claim that a matter field such as quarks and leptons is defined by a stable 
localized geometry, which is a topological object in the defining algebra (noncommutative ^-algebra) 
of quantum gravity [21. 

First we review in Section 4.1 the Feynman's view [|42l l43l l44ll about the electrodynamics of a 
charged particle to convince that an extra internal space is necessary to introduce the weak and strong 
forces. The extra dimensions appear with a Poisson structure of Lie algebra type implemented with 
some localizability condition to stabilize the internal space. 

In Section 4.2, we understand the Feynman's derivation of gauge forces as the Darboux trans- 
formation (12.71 ) between two symplectic structures where one of them is a deformation of the other 
in terms of external gauge fields. This beautiful idea is not ours but was noticed by Souriau and 
Sternberg [|45l long ago. 

In Section 4.3, we define a stable state in a large gauge theory and relate it to the K-theory 
[|46l l47l l48l |49l . Using the correspondence (11.221) . the K-theory class is mapped to the K-theory 
of noncommutative ^ir-algebra Ag. We deduce using the well-known but rather mysterious math, 
the Atiyah-Bott-Shapiro construction of K-theory generators in terms of Clifford module [|50L that 
the topological object defined by large N matrices or the noncommutative 7»r-algebra Ae describes 
fermions such as quarks and leptons. It turns out that the extra noncommutative space is essential to 
realize the weak and strong forces. 

In Section 5, we discuss the most beautiful aspects of emergent gravity. Remarkably the emergent 
gravity reveals a noble picture about the origin of spacetime, dubbed as emergent spacetime, which 
is radically different from any previous physical theory all of which describe what happens in a given 
spacetime. 

In Section 5.1, we point out that the concept of emergent time is naturally defined as long as 
spacetime admits an intrinsic symplectic or Poisson structure. The time evolution of a spacetime 
geometry is defined by the Hamilton's equation defined by the spacetime Poisson structure (11.61) . 
Because the symplectic structure triggered by the vacuum condensate (11.171) not only causes the 
emergence of spacetime but also specifies an orientation of spacetime manifold, it also implies that 
the emergent gravity may explain the arrow of time in the cosmic evolution of our Universe - the most 
notoriously difficult problem in quantum gravity. 

We analyze in Section 5.2 the anatomy of spacetime derived from a noncommutative gauge the- 
ory or large N matrix model. We explain why there is no cosmological constant problem in emergent 
gravity ||37ll . We point out that a vacuum energy of Planck scale does not gravitate unlike as Einstein 
gravity and a flat spacetime is not free gratis but a result of Planck energy condensation in vacuum. 
Finally we identify the physical nature of the exotic energy-momentum tensor whose existence was 
predicted in Section 2.3. Surprisingly it mimics all the properties of dark energy, so we suggest the 
energy as a plausible candidate of dark energy 0|. If so, the quantum gravity defined by noncom- 
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mutative geometry seems to resolve many notorious problems in theoretical physics, for example, to 
resolve the cosmological constant problem, to understand the nature of dark energy and to explain 
why gravity is so weak compared to other forces. 

In the final section, we try to understand why the emergent gravity defined by noncommutative 
geometry is so resembling the string theory. We conclude with several remarks about important open 
issues and speculate a proper mathematical framework for the emergent gravity and quantum gravity. 

2 Emergent Gravity 

In order to argue that gravity can emerge from some field theory, it is important to identify how es- 
sential properties of gravity can be realized in the underlying field theory. If not, the emergent gravity 
could not physically be viable. Therefore we will rigorously show how the equivalence principle, 
the most important property in the theory of gravity (general relativity), can be realized from U{1) 
gauge theory on a symplectic manifold M. Through the realization of the equivalence principle in 
the context of symplectic geometry, we can understand how diffeomorphism symmetry arises from 
noncommutative f/(l) gauge theory and so gravity can emerge from the noncommutative electromag- 
netism, which is also an interacting theory. 

2.1 The equivalence principle from symplectic geometry 

Consider a f/(l) bundle supported on a symplectic manifold (M, B). Physically we are considering 
open strings moving on a D-brane whose data are given by (M, g, B) where M is a smooth manifold 
equipped with a metric g and a symplectic structure B. The worldsheet action of open strings, with a 
compact notation, reads as 

^=7^ / l^^l'- 1^-1 ^' (2.1) 

where X : S — )■ M is a map from an open string worldsheet S to a target spacetime M and -B(S) = 
X*B{M) and A{dT) = X*A{M) are pull-backs of spacetime gauge fields to the worldsheet S and 
the worldsheet boundary 9S, respectively. 

From the compact notation in Eq. (l2.1|) . it is obvious that the string action (12.11) respects the fol- 
lowing local symmetries: 
(I) Diff(M)-symmetry 

X ^ X' = X'{X) e Diff(M), (2.2) 

(n) A-symmetry 

{B, A) ^ {B - dA, A + A), (2.3) 

where the gauge parameter A is a one-form in M. Note that the A-symmetry is present only when 
i? 7^ 0, so a stringy symmetry by nature. When B = 0, the symmetry (12.31 ) is reduced to A — )■ A + dX, 
which is the ordinary U{1) gauge symmetry because A is a connection of [/(I) bundle. 
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The A-symmetry then predicts a very important result. The presence of f/(l) bundle on a symplec- 
tic manifold (M, B) should appear only with the combination = B + F where F = dA because f2 
is the only gauge-invariant 2-form under the transformation (12.31) . Because we regard B G f\^{T*M) 
as the symplectic structure over M, it means that the electromagnetic force F = dA appears only as 
the local deformation of symplectic structure il{x) = (B + F)(x). 

The other important result derived from the open string action (12.11) is that the triple (M, g, B) 
comes only into the combination (M, g + kB) where k = 2na' = 2u:l1 denotes the string scale. Note 
that the Riemannian metric g and the symplectic structure B in the triple (Af, g, B) can be regarded 
as an bundle isomorphism from the tangent bundle TM to the cotangent bundle T*M because both 
are nondegenerate bilinear maps on TM, i.e., {g, B) : TM — )■ T*M. Therefore the so-called DBI 
"metric" g + kB : TM T*M which maps X G TM to ^ = {g + kB){X) G T*M embodies a 
generalized geometry [|5T1l continuously interpolating between symplectic geometry {\KBg^^\ ^ 1) 
and Riemannian geometry {\KBg^^\ <^ 1). Including the excitation of open strings, one can combine 
the two results to conclude that the data of 'D-manifold' are given by (M, g, fi) = (M, g + kQ). 

Consider an another D-brane whose 'D-manifold' is described by different data (A^, G, B) = 
{N,G + kB) . A question is whether there exist a diffeomorphism (f) : N ^ M such that (p* (g + k^I) = 
G + kB on A^. In order to answer the question, let us shortly digress to some important aspects of 
simplectic geometry. 

The symplectic geometry respects an important property, known as the Darboux theorem [|40ll , 
stating that every symplectic manifold of the same dimension is locally indistinguishable To be 
precise, let (M, cj) be a symplectic manifold. Consider a smooth family ut = ujq + t{coi — cuq) of 
symplectic forms joining ojq to coi where [coo] = [coi] G H'^{M) and cot is symplectic Vt G [0, 1]. 
A remarkable point (due to the Moser lemma [|4TI ) is that there exists a one-parameter family of 
diffeomorphisms </> : M x R — )• M such that (ptiuJt) = ^o, < t < 1. If there exist such 
diffeomorphisms as a flow generated by time-dependent vector fields Xt = 0^^, one would have 
for all < t < 1 that 

CxM + ^ = (2.4) 

dt 

because, by the Lie derivative formula, one has 

^ *:(^x... + ^). (2.5) 

Using the Cartan's magic formula, Cx = dcx + ixd^ for the Lie derivative along the flow of a vector 
field X, one can see that Eq. (|2.4| ) can be reduced to the Moser's equation 

ix,uJt + A = {) (2.6) 

where uji — loq = dA. 
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In summary, there always exists a one-parameter family of diffeomorphisms as a flow generated 
by a smooth family of time-dependent vector fields Xt satisfying Eq. (|2.6l ) for the change of the sym- 
plectic structure within the same cohomology class from cuq to ui where loi — ujo = dA. The evolution 
of the symplectic structure is locally described by the flow 0^ of Xf satisfying ^ = o 0^ and start- 
ing at 00 = identity. Thus one has (plui = (f)QUo = luq, and so 0i provides a chart describing the 
evolution from uq to coi = loq + dA. In terms of local coordinates, there always exists a coordinate 
transformation 0i whose puUback maps ui = uq + dA to cuq, i.e., (jyi : y ^-^ x = x{y) so that 

-d^d^'^^-b{x)=ujo^u{y)- (2.7) 

This can directly be applied to the open string case (I2.1h by considering a local Darboux chart 
{U]y^, - ■ ■ , y^") centered at p E U and valid on an open neighborhood U C M such that coo\u = 
\B^ydy^ A dy" where B^^ is a constant symplectic matrix of rank 2n. Now consider a flow (pt '■ 
U X [0, 1] — > M generated by the vector field Xt satisfying (12.61) . Under the action of 0^ with 
an infinitesimal e, one finds that the point p E U whose coordinates are y^' is mapped to (peiy) = 
x'^iy) = + ^X^iy)- Using the inverse map 0^^ : y^{x) = x^ — eX'^(x), the symplectic 

structure uo\u = \B^^{y)dy'^ A dy^ can be expressed as 

{(p-^y{uJo\y) = - eX)rf(x^ - eX'^) A - eX'^) 
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B^, - eX\daB^, + d,Ba^ + d^B.a) + e(a^(S,„X'^) - d,{B^aX''] 



dx^ A dx'" 



= B + eF (2.8) 

where A^{x) = i?^a(x)X"(a;) or lxB + A = and dB = was used for the vanishing of the second 
term. Eg. (12. 81) can be rewritten as 0*(-B + eF) = B, which means that the electromagnetic force 
F = dA can always be eliminated by a local coordinate transformation generated by the vector field 
X satisfying Eg. (12. 61 ). 

Now let us go back to the previous guestion. We considered a symmetry transformation which is a 
combination of the A-transformation (12.31) followed by a diffeomorphism : X — i- M. It transforms 
the DBI metric g + kB on M according to g + kB — t- 0*((7 + kQ). The crux is that there exists a 
diffeomorphism (p : N ^ M such that 0*(fi) = B, which is precisely the Darboux transformation 
(12.71) in symplectic geometry. Then we arrive at a remarkable fact Q that two different DBI metrics 
g -\- kVL and G + kB are diffeomorphic each other, i.e., 

(t)*{g + Kn) = G + KB, (2.9) 

where G = (p*{g). Because the open string theory (12.11) respects the diffeomorphism symmetry (12.21) . 
the D-manifolds described by (M, g, fi) and (X, G, B) must be physically eguivalent. Note that this 
property holds for any pair {g, B) of Riemannian metric g and symplectic structure B. 
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The above argument reveals a superb physics in the gauge theory. There "always" exists a coor- 
dinate transformation to locally eliminate the electromagnetic force F = dA as long as a manifold 
M supports a symplectic structure B, i.e., (M, B) defines a symplectic manifold. That is, a sym- 
plectic structure on spacetime manifold M admits a novel form of the equivalence principle, known 
as the Darboux theorem, for the geometrization of the electromagnetism. Because it is always pos- 
sible to find a coordinate transformation G Diff(M) such that (p*{B + F) = B, the relationship 
+ k(_B + F)) = G + kB clearly shows that the electromagnetic fields in the DBI metric 
g + k{B + F) now appear as a new metric G = (l)*{g) after the Darboux transformation (12.91 ). One 
may also consider the inverse relationship 0*(G' + kB) = g + k(B + F) which implies that a non- 
trivial metric G in the background B can be interpreted as an inhomogeneous condensation of gauge 
fields on a 'D-manifold' with metric g. It might be pointed out that the relationship in the case of 
K = 27ca' = is the familiar diffeomorphism in Riemannian geometry and so it says nothing mar- 
velous. See the footnote [H 

We observed that the Darboux transformation between symplectic structures immediately leads 
to the diffeomorphism between two different DBI metrics. In terms of local coordinates cj) : y ^ x = 
x{y), the diffeomorphism (12.91 ) explicitly reads as 

where Vt = B + F and 

dx°- dx^ 



{g + KnU{x) = ^(^G,,iy) + KB,,iy)^^ (2.10) 



^M-(^) = (2.11) 

Eq. (|2.10l) conclusively shows how gauge fields on a symplectic manifold manifest themselves as a 
spacetime geometry. To expose the intrinsic connection between gauge fields and spacetime geome- 
try, let us represent the coordinate transformation in Eq. (|2.10l) as 

x%y) = y^ + e^'My) (2.12) 

with = {B~^)°-^. Note that the coordinate transformation (12.121) for the case F{x) = is trivial, 
i.e., Aa{y) = and Gab = 9ab as it should be, while it is nontrivial for F{x) ^ and the nontrivial 
coordinate transformation is encoded into smooth functions Aa{y), which will be identified with 
noncommutative gauge fields. Clearly Eq. (|2.1 II ) embodies how the metric on M is deformed by the 
presence of noncommutative gauge fields. 

We showed how the diffeomorphism symmetry (12.91 ) between two different DBI metrics arises 
from f/(l) gauge theory on a symplectic manifold. Surprisingly (at least to us) the diffeomorphism 
symmetry (12.91 ) is realized as a novel form of the equivalence principle for the electromagnetic force 
jSl. Therefore one may expect the electromagnetism on a symplectic manifold must be a theory of 
gravity, in other words, gravity can emerge from the electromagnetism on a symplectic or Poisson 
manifold. 

A low energy effective field theory deduced from the open string action (12.11 ) describes an open 
string dynamics on a (p + 1) -dimensional D-brane worldvolume BH. The dynamics of D-branes is 
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described by open string field theory whose low energy effective action is obtained by integrating 
out all the massive modes, keeping only massless fields which are slowly varying at the string scale 
K = 27r/^. For a Dp-hrane in closed string background fields, the action describing the resulting low 
energy dynamics is given by 

S = ^ / dP+^x^/det{g + k{B + F)) + 0{^dF, ■ ■ ■ ), (2.13) 

where F = dA is the field strength of ?7(1) gauge fields. The DBI action (|2.13h respects the two local 
symmetries, (12.21 ) and (12.31 ). as expected. 

Note that ordinary U (1) gauge symmetry is a special case of Eq. (|2.3l) where the gauge parameter 
A is exact, namely, A = d\, so that B B, A ^ A + d\. One can see from Eg. (12. 61 ) that the 
U{1) gauge transformation is generated by a Hamiltonian vector field Xx satisfying t-XxB + dX = 0. 
Therefore the gauge symmetry acting on f/(l) gauge fields as A ^ A + d\ is a diffeomorphism 
symmetry generated by the vector field Xx satisfying Cx^^B = which is known as the symplecto- 
morphism. We see here that the U{1) gauge symmetry on the symplectic manifold (M, B) turns into 
a "spacetime" symmetry rather than an "internal" symmetry. This fact already implies an intimate 
connection between gauge fields on a symplectic manifold and spacetime geometry. 

It was shown in Eg. (12. 101 ) that the strong isotopy (12.71) between symplectic structures brings in 
the diffeomorphic eguivalence (12.101) between two different DBI metrics, which in turn leads to a 
remarkable identity [521 between DBI actions 

[ dP^^xJdet{g{x) + k{B + F){x)) = [ d^+^yJ dei{G{y) + tiB{y)). (2.14) 

Jm ^ J N ^ 

The property (12.141) appearing in the geometrization of electromagnetism may be summarized in the 
context of derived category. More closely, if M is a complex manifold whose complex structure is 
given by J, we see that dynamical fields in the left-hand side of Eg. (12. 141) act only as the deformation 
of symplectic structure Vl{x) = {B + F)(x) in the triple (M, J, Vl), while those in the right-hand side 
of Eg. (12. 141) appear only as the deformation of complex structure K = (l)*{J) in the triple {N, K, B) 
through the metric (12.111) . In this notation, the identity (12.141) can thus be written as follows 

{M,J,n) = {N,K,B). (2.15) 

The eguivalence (12.151 ) is very reminiscent of the homological mirror symmetry [39 J , stating the 
eguivalence between the category of A-branes (derived Fukaya category corresponding to the triple 
(M, J, fi)) and the category of B-branes (derived category of coherent sheaves corresponding to the 
triple {N, K, B)). 

Because the open string action (|2.1I) basically describes a U (l)-bundle (the Chan-Paton bundle) on 
a D-brane whose data are given by (M, g, B), U (1) gauge fields, the connection of the U{1) bundle, 
are regarded as dynamical fields while the metric g and the two-form B are considered as background 
fields. But Eg. (12. 141) clearly shows that gauge field fluctuations can be interpreted as a dynamical 
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metric on the brane given by (12.1 II) . In all, one may wonder whether the right-hand side of Eq. (|2.14l) 
can be rewritten as a theory of gravity. Remarkably, it is the case, as will be shown soon. 

Here we will use the background independent prescription [[TOl where the open string metric 'gab, 
the noncommutativity 6"-^ and the open string coupling are determined by 

^"'=(^)"', 9ab = -t^\B^B')^^, gs=gsVdet{fiBg-^). (2.16) 

In terms of these parameters, the couplings are related by 

1 K^-n 



9ym (2vr)"-i?. 



\/detg 



(2.17) 



(2.18) 



9s gs\m 

where p + 1 = 2n. For constant g and B, one can rewrite the right-hand side of Eq. (|2.14l) by using 
the open string variables and defining new covariant fields Da{y) = BahX^{y) 

j (F+^y^Jdei{G{y) + kB) = j dP-^^y^det{KB + K^G{y)), (2.19) 



where 



One can expand the right-hand side of Eq. (|2.19l) around the background B in powers of k, arriving at 
the following result 

J (F+^y^J Aei{KB + K^G{y)) 

= j <F^^y^<lei{KB)(l + ^g-'t^Da, Db}e{D,, D,}e + •■■), (2.21) 

where {Da, -Dbje is the Poisson bracket defined by Eq. (ll.6l) . The second part of Eq. (l2.21l) can then 
be written as the form with a constant metric 'g°'^ = —^{OgOy^ 

Sd = -r\- I (F^^y^d^T'^^Da, D,}g{D,, D,}e, (2.22) 

along with recovering the gauge coupling constant gyM after collecting all factors including the one 
in (12.131) . From now on, let us set the metric 'g^^ = for simplicity. 
Note that 

{Da,Db}e = -Bab + daAb-dbAa + {Aa,Ab}e, 

= -Bab + Fab (2.23) 
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and 

{Da,{Db,D,}e}e = daF^c + A, Fbc}e 

= Djhc (2.24) 

Therefore the Jacobi identity for the Poisson bracket (11.61) can be written as the form 

= {D,,{D,,D,}e}e + {D,,{D,,Da}0}0 + {D,,{Da,D,}e}e 

= DaF,c + D,F^ + D,Fab. (2.25) 

Similarly the equations of motion derived from the action (12.221 ) read as 

{D\ D,}0}e = D^Fab = 0. (2.26) 

Note that the electromagnetism on a symplectic manifold is a nonlinear interacting theory as the 
self -interaction in Eg. (12. 231 ) clearly shows. 

Going from the left-hand side of Eg. (12. 141 ) to the right-hand side, we have eliminated the U{1) 
gauge field in terms of the local coordinate transformation (12.121) . Nevertheless, if one looks at the 
action (|2.22l) which was obtained by the expansion of DBI action free from gauge fields as Eg. (12. 211) . 
gauge fields seem to appear again at first appearance. One may thus suspect that the action (|2.22l) 
does not satisfy the eguivalence principle we have justified before. But one has to notice that the 
gauge fields in (|2.12l) should be regarded as dynamical coordinates describing a fluctuating metric as 
(12.1 II ). Rather an interesting point is that the fluctuation of the emergent metric (12.1 II ) can be written 
as the form of gauge theory on a symplectic spacetime. This highlights a key feature to realize the 
gauge/gravity duality in noncommutative spacetime. 

One can identify the defining fields Da{y) E C°°{M), a = I, ■ ■ ■ ,p + 1 = 2n, in the action 
(12.221) with the set (11.1 II) and, according to the map (|1.12l) . the fields Da{y) can be mapped to vector 
fields Va E r(TM). One can immediately see by identifying f = Da and g = and using the 
relation (|2.23l) that the Lie algebra homomorphism (|1.10l) leads to the following identity 

= [K,H] (2.27) 
where Va = X^^ and H = Xj:,^. Similarly, using Eg. (12. 241) , one can further deduce that 

^i3.F,. = [K,[H,K]]. (2.28) 

Then the map (12.281) translates the Jacobi identity (12.251) and the eguations of motion (12.261) into some 
relations between the vector fields Va defined by (11.121) . That is, we have the following correspon- 
dence ||5|| 

5[A]=0 ^ [V[,,[H,V;]]] = 0, (2.29) 
D'^Fab = ^ [V'^,[Va,V]]=0, (2.30) 



17 



where [a, b, c] denotes a fully antisymmetrization of indices (a, b, c) and the bracket between the vector 
fields on the right-hand side is defined by the Lie bracket. 

As we remarked below Eq. (ll.l2l) . the vector fields Va G T{TM) can be related to the vielbeins 
Ea G r(TM) in Eq.O) by K = AE^ with A G C°°(M) to be determined and so the double Lie 
brackets in (|2.29l) and (12.301) will be related to Riemann curvature tensors because they are involved 
with the second-order derivatives of the metric (11.11) or the vielbein (11.21) . It will be rather straightfor- 
ward to derive Einstein gravity from the set of equations (12.291 ) and (|2.30|) . which is the subject of the 
following two subsections. 



2.2 Warm-up with a beautiful example 

First let us briefly summarize some aspects in differential geometry fT] which are useful in under- 
standing some concepts of emergent gravity. 

Let = E'^dy^ be the basis of 1 -forms dual to a given frame Ea = E^d^. If we define the local 
matrix of connection 1 -forms by 

oo% = oo^\dy'' = u,\E'', (2.31) 

the first Cartan's structure equation 

T" = dE"" + uj\ A E^ (2.32) 
describes the torsion as a 2-form in terms of the vielbein basis and the second structure equation 

R'b = duj\ + uj\ A u^b (2.33) 

allows to compute the matrix valued curvature 2-form using the connection. 

The metric compatibility leads to the symmetry to at = —uJba, which, together with the torsion free 
condition = 0, uniquely determines the connection 1-form (12.311) which is nothing else than the 
Levi-Civita connection in the vielbein formalism 

^abc '^(^fabc fbca ~l~ fcab) 

= -UJacb, (2.34) 

where 

fabc = E^^El {d,E,, - d,E^,,) (2.35) 

are the structure functions of the vectors Ea G V{TM) defined by Eq. (ll.3l) . 

Now let us specialize to a Riemannian four-manifold M. Because the spin connection uj^ab and 
the curvature tensor R^^ab are antisymmetric on the ab index pair, one can decompose them into a 
self-dual part and an anti-self-dual part as follows lEl 

UJ,ab = A^^Nab + 4"^*^ab, (2-36) 

R,uab = Fj^tHb + FirMb (2.37) 
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where the 4x4 matrices r^^^ = r^^f, and T]\^^ = ^ab for « = 1, 2, 3 are 't Hooft symbols defined by 

%k = i'jk = ^ijk, J, /c e {1,2,3}, 

ft^J=rt^A = 5^3■ (2-38) 

Note that the 't Hooft matrices intertwine the group structure of the index i with the spacetime struc- 
ture of the indices a, h. See the appendix A in [[51 for some useful identities of the 't Hooft tensors. 

Any 50(4) = SU{2)i x 5'f/(2)/j/Z2 rotations can be decomposed into self-dual and anti-self- 
dual rotations. Let us introduce two families of 4 x 4 matrices defined by 

[TIU = Va,. {T%, ^ t,- (2.39) 
Then one can show that satisfy SU{2) Lie algebras, i.e., 

[T4,T^] = -2e^^'^T|, [T4,t4] = 0. (2.40) 

Indeed the 't Hooft tensors in (12.391) are two independent spin s = | representations of SU (2) Lie 
algebra. A deep geometric meaning of the 't Hooft tensors is to specify the triple (/, J, K) of complex 
structures of R"^ = <C^ for a given orientation as the simplest hyper-Kahler manifold. The triple 
complex structures (/, J, K) form a quaternion which can be identified with the SU{2) generators Tj. 
in (12391). 

Using the representation oo^^l = Alt^\T^)ab = {A^it^)ab in (12.361) . the (anti-)self-dual curvature 
tensors in Eg. (12. 371) can be written as the form 

= d,Al^^ - + [AW, 4^)]. (2.41) 

Therefore we see that A^/f^ can be identified with SU{2)lii gauge fields and F^^-* with their field 
strengths. Indeed one can also show that the local SO{A) rotations with A°-b{y) G S'(9(4) 

00^ Aio^A-^ + Ad^A'^ (2.42) 

can be represented as the gauge transformations of SU (2) gauge field A^,f^ 

4±) ^ A±4^^Ai' + A^d.Az' (2.43) 

where A± G SU{2)l,rE 

'^But Eg. ( 12.341 1 shows that the SU{2) gauge fields aJ^^'' have their own gauge fields, i.e., the vierbeins Ea whose 
degrees of freedom match with U{1) gauge fields Da in the action ( 12.221 ). when applying the map ( 11.121 ). Therefore it is 
sensible that SU{2) gauge theory describing self-dual gravity can be mapped to the U (1) gauge theory described by the 
action ( 12.221 ). as will be shown later. 
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Using the form language where d = dy^d^ = E°-Ea and A = A^dy^ = AaE'^, the field strength 
(12.411 ) of SU (2) gauge fields in coordinate basis is given by 

= ^(aX±)-9,4±) + [4±),AW])rfy^Arfy^ (2.44) 

or in non-coordinate basis 

= i(i5,4±)-E,4±) + [AW,4±)] + /,,^AW)i?''Ai?^ (2.45) 
where we used in (|2.45l) the structure equation 

dE'' = ^fbc^E' A E''. (2.46) 

As we remarked, the 't Hooft tensors specify the triple of complex structures of the sim- 

plest hyper-Kahler manifold R'' satisfying the quaternion algebra. Because any Riemannian metric 
can be written as g^u{y) = E^{y)E^{y)Sab, one can introduce the corresponding triple of local com- 
plex structures on the Riemannian manifold M which are inherited from 

= ^r/iJ^^E'^ A E^ (2.47) 

or in terms of local coordinates 

J^^^' = dy^ A dy-" ^ ^J^t^'dy^ A dy^ (2.48) 

One can easily check that the local complex structures J^"^^^ satisfy the quaternion algebra 

r ji±)i j{±)ji ^ j{±)i ji±)j\ _ j{±)j j{±)i\ 

[j(±)^^j(T)i]^^ = 0. (2.49) 

Now it is easy to see that the torsion-free condition = is equivalent to the one that the complex 
structures are covariantly constant, i.e., 

dJ^^^' = ^r]^^^'dE^ AE'' -^r]i^^'E'' AdE'' 

= -[r]'^^^'r]'^^%bA'^^^^ AE" AE^ + 2e'^^A^^^^ A J^^^^ 

= 2e*J'^v4(±)^' A J(±)*= (2.50) 
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where we used the fact that [r7*-^-**?7*-^-*-']ab is symmetric, i.e., [q^'^^^'q^^'^^ab = ['r]^'^^^V^^^'']ba- Therefore 
we get the relation 

dAJ^^'^' = dJ^^^' - 2e'^^A^^^^ A J^^^^ = 0. (2.51) 

All these properties can be beautifully summarized using the Palatini formalism of Einstein gravity 
where the spin connection and the vielbein are regarded as independent variables. The Einstein- 
Hilbert action in the Palatini formalism is given by 

Sp = \ I SaiT'E'^ AE'a R,a. (2.52) 

By varying the action (|2.52l) with respect to vierbein and spin connection, one can get the torsion-free 
condition, = dE'^ + uj"'bAE'' = 0, as well as the Einstein equation. Rat — \5abR = 0, so recovering 
the Einstein gravity. 

Using the decomposition (|2.37l) . the Palatini action (12.521) can be recast into the beautiful form 

Sp = - Sab^'^E"' A E'' A Red 
4 Jm 

= \ l Bab^'^E- AE'A {F^^Hd + F'^'-^'td) 
= If E'^AE'A [FMy^, - F^-y%,) 

= [ (JW* AF^''- AF(-)^). (2.53) 
Jm 

The action (|2.53l) immediately shows that the condition (|2.51l) is indeed the equations of motion for 
SU{2) gauge fields A'^^'>\ It is interesting to notice that the Palatini action (I2.53|) is invariant under a 
local deformation given by 

A^-^^' A^^^\ ^ + dAA^^^^' (2.54) 

with an arbitrary one-form A'^''^^ 6 SU{2). The deformation symmetry (12.541) should be true due to 
the Bianchi identity dAF^^^ = 0. 

The gravitational instantons (53] are defined by the self-dual solution to the Einstein equation 

Refab = ^-Bab'^Refcd- (2.55) 

Note that a metric satisfying the self-duality equation (12.551) is necessarily Ricci-flat because Rab = 
Racb'^ = ^Isb^^^Raicde] = and SO automatically satisfies the vacuum Einstein equations. Using the 
decomposition (|2.37l) . Eq. (l2.55l) can be written as 

F^lHb + F!:jHb = ±ls.^'\F^lHd + F^fvld) 

= HF!:lHb-F^jHb)- (2.56) 
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Therefore we should have F^^^ = for the self-dual case with + sign in Eq. (l235l) while F^^^* = 
for the anti-self-dual case with — sign and so imposing the self-duality equation (|2.55l) is equivalent 
to the half-flat equation F^"^^^' = 0. Because the Riemann curvature tensors satisfy the symmetry 
property 

Rabcd = Rcdab, (2.57) 

one can rewrite the self-duality equation (12.551) as follows 

Rabef = ^^^ab^Rcdef- (2.58) 

Then, using the decomposition (12.371 ) again, one can similarly show [54] that the gravitational instan- 
ton (12.581) can be understood as an SU (2) Yang-Mills instanton, i.e.. 



p(±) - JL.^^ cdM 



ab — -^2""" '"^ (2-59) 

where F^f ^ = F^^^'T^ = E^E^Fj^t^ are defined by Eq. (l245l) . 

A solution of the half-flat equation F'^^^ = is given by A^^^ = A±dA^^ and then Eq. (|2.43D 
shows that it is always possible to choose a self-dual gauge ^4^=*=)* = 0. In this gauge, Eq. (|2.51l) 
reduces to the property dJ^"^^^ = 0, that is, the triple complex structures are all closed. In other words, 
there is the triple {J^^^^} of globally well-defined complex structures. This means that the metric 
ds'^ = E'^ ® E°- describes a hyper- Kahler manifold. In the end the gravitational instantons defined by 
(12.551) can be characterized by the following property 

p{±)i _ ^ djW^ = 0, Vz = 1, 2, 3. (2.60) 

In order to solve the equations (12.601) . let us introduce linearly independent four vector fields Va 
and a volume form v on M. Then one can easily check [155l| that the (anti-)self-dual ansatz§ 

J^^^' = \v^^'iaiby. (2.61) 

where La denotes the inner derivation with respect to Va, immediately solves the equations dJ^^^^ = 
if and only if the vector fields satisfy the following equations ll56l 

^^if [K,H] = 0, (2.62) 
£y,z/ = 0, Va = l,---,4. (2.63) 

This can simply be seen by applying the formula § 

d^ixiyOi) = L[x,Y](^ + Ly^xCi — ixl^yc^ + Lxt^yda (2.64) 



^One can show that the ansatz ( 12.611 ) is equivalent to ( 12.47b (up to a sign) by the identification of volume form = 
X^'^E^ A--- AE^ = \~'^Vg. See Eq. (IZ73T l. According to the definition dZeTI ). we have = ^^yit '*tatb(A"2i^g) = 

1„(±)\ , (' \-2,, \ _ l^(='=)i — 1 (' 1 e- \ TPC A Wd U 1^(='=)* T?a a p6 

2'7ab '-AE„iA£;,(.A Vg) - 2Vab l-E^iE^Vg - j{^eabcdri^^ )E A E -±2»7ab E AE. 

''This formula can be easily derived by applying the Caitan's homotopy formula — i-xd(i + dixfS for /3 — lyot 



and [£x, ty] = Wi- 



ll 



for vector fields X, Y and a p-form a. 

Now go back to the action (12.221 ) and consider the self-duality equation of U{1) gauge fields 
defined by 

Fab = ±leab"'Zd. (2.65) 

Note that the self-duality equation (|2.65l) is nonlinear due to the Poisson commutator term in (|2.23l) 
and so there exist nontrivial solutions [34] . After quantization (11.71) . they are precisely noncom- 
mutative f/(l) instantons (5T]. One can translate the self-duality equation (12.651) to the self-duality 
equation between vector fields according to the map (12.271 ): 

P. = ±i..-P„, « |K,K| = ±i..-|K,VJ, (2.66) 

Recall that the vector fields K are all divergence-free, i.e., d^V^ = 0, in other words, £y„z/ = 0. 
Therefore we see that the self-duality equation (|2.65l) for gauge fields is certainly equivalent to the 
equations (|2.62l) and (|2.63l) . In conclusion, we finally proved [111 [3l IH [H the equivalence between 
f/(l) instantons defined by Eq. (|2.65l ) and gravitational instantons defined by Eq. (|2.55l ). 

2.3 Einstein gravity from electromagnetism on symplectic manifold 

As a warm-up we have illustrated with self-dual gauge fields how the Darboux theorem in symplectic 
geometry implements a deep principle to realize a Riemannian manifold as an emergent geometry 
from gauge fields on a symplectic manifold through the correspondence (11.121) whose metric is given 
by 

ds"" = SabE'' ®E' = X'^SabV^V.'dy'' ® dy^" (2.67) 

where E"- = E T{T*M) are dual one-forms. Now we will generalize the emergent gravity to 
arbitrary gauge fields on a 2r2-dimensional symplectic manifold (M, B) and derive Einstein equations 
from (1Z29I) and (l230l) . 

First let us determine what A G C°°{M) in Eq. (l2.67l) is. Introduce the structure equation of the 
vector fields K = AE„ G r{TM) 

[K,H] = -fa6'^K. (2.68) 
By comparing with (II. 3|) . one can get the relation between the two structure functions 

tab" = Xfab" - Va log X6', + H log Xd^. (2.69) 

Using the definition (I2.68|) . the self-duality equation (I2.66|) may be written as the compact form 

vl^^b" = 0. (2.70) 

Suppose that the 2?T,-dimensional volume form whose four-dimensional example was introduced 
in (12.611) is given by 

zy = AV^A---A1/2", (2.71) 
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in other words, 

\^ = u{y^,--- ,V2n). (2.72) 

The volume form (12.711) can be related to the Riemannian one Ug = A ■ ■ ■ A i?^" as 

u = X^-^^'ug. (2.73) 

Acting Cv^ on both sides of Eq. (|2.72l) . we get 



2n 



6=1 
2n 



6=1 



2n 



= i2VJog\HV,,--- ,V2n). (2.14) 
Because £y„z/ = (V ■ Va)^ = 0, Eg. (12. 741) leads to the relation 

Pa = iba'' = 2Va\ogX (2.75) 

and then, from Eg. (12. 691) . 

fJ = {3-2n)EJogX. (2.76) 

Conversely, if f^a^ = 2ValogA, the vector fields Va preserve the volume form u, i.e., Cv^J^ = (V ■ 
Va)i' = 0, Va = 1, ■ ■ ■ , 2n. Eg. (|2.76l) implies that the vector fields Ea preserve the volume form 
u = A'^~^"z/g, which can be proved as follows: 

>Ci..(A^-^V,) = rf(.^„(A^-2V,)) = d{L,ESX'-'^Ug)) = d{Ly^u) = CyV = 0. (2.77) 

In a non-coordinate (anholonomic) basis {Ea} satisfying the commutation relation (11.31) , the spin 
connections are defined by 

VaE, = UJa\E, (2.78) 

where Va = V^^ is the covariant derivative in the direction of a vector field Ea. Acting on the dual 
basis {E"-}, they are given by 

VaE' = -uja\E'. (2.79) 
Because we will impose the torsion free condition, i.e., 

T(a, h) = V[aEb] - [Ea, E,] = 0, (2.80) 

the spin connections are related to the structure functions 

fabc = —^acb + ^hca- (2.81) 
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The Riemann curvature tensors in the basis {Ea} are defined by 

i?(a,6) = [V,,Vfe]-V[,,,] (2.82) 

or in component form 

= EaOJb^d ~ EbUJa'^d + ^a'e'^b^d ~ '-^b e^a d + fabled- (2.83) 

Imposing the condition that the metric (12.671 ) is covariantly constant, i.e., 

Ve(5ab^'^®^'') =0, (2.84) 

or, equivalently, 

Wcafe = — Wcfea, (2.85) 

the spin connections Wcat then have the same number of components as fabc- Thus Eg. (12. 811 ) has a 
unique solution and it is precisely given by Eq. (|2.34l) . The definition (|2.82l) together with the metricity 
condition (12.851 ) immediately leads to the following symmetry property 

Rabcd = —Rabdc = —Rbacd- (2.86) 

Using the relation (12.691 ), the spin connections in Eq. (|2.34l) are now determined by gauge theory bases 

AWafec = ^(fafec - fftca + ^cab) " H log XS^a + K log X6ab- (2.87) 

The spacetime geometry described by the metric (12.671) is an emergent gravity arising from gauge 
fields whose underlying theory is defined by the action (|2.22l) . The fundamental variables in our ap- 
proach are of course gauge fields which are subject to the equations (12.291 ) and (12.301) . A spacetime 
metric is now regarded as a collective variable defined by a composite or bilinear of gauge fields. 
Therefore we are going to a viable realization of the idea we speculated around Eq. (|1.2| ) if it is pos- 
sible to show that the equations of motion (12.301) for gauge fields together with the Bianchi identity 
(12.291 ) can be rewritten as the Einstein equations for the metric (12.671) . For this purpose we first want 
to represent the Riemann curvature tensors in Eq. (l2.83l) . originally expressed with the orthonormal 
basis Ea, in terms of the gauge theory basis Va. That representation will be useful because we will 
eventually impose on them Eqs. (|2.29l ) and (12.301) . 

Indeed everything is prepared because all calculations can straightforwardly be done using the 
relations (12.691 ) and (12.871) . All the details can be found in Q. Here we will briefly sketch essential 
steps. 

One can easily derive the following identity 

R{Ea-, Eh)Ec + R{Ei„ Ec)Ea + R{Ec, Ea)Eb 
= [Ea, [Eb, E,]] + [Eb, [E,, Ea]] + [E,, [Ea, Eb]] (2.88) 
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using the torsion free condition (|2.80l) . The Jacobi identity then immediately derives R[abc]d = 0. 
Because Va = XEa, we have the relation 

[Via, [H, K]]] = \'[E[,, [E,, E,]]], (2.89) 

where all the terms containing the derivations of A cancel each other. As we promised, the first 
Bianchi identity R[abc]d = follows from the Jacobi identity (12.291) . Thus we pleasingly confirm that 

DlaFbc]=0 ^ Rlabc]d = 0. (2.90) 

The Bianchi identity (12.901 ) together with Eg. (12. 861) leads to the symmetry (|2.57l) . It may be empha- 
sized that the equivalence (12.901 ) holds for arbitrary gauge fields in any even dimensions. 

From the above derivation, we have to notice that, if torsion free condition (12.801 ) were not im- 
posed, the equivalence (12.901) could be corrected. This can be seen from the Bianchi identities [[D 



DT" = dT'' + uj''b^T^ = R^b^E", (2.91) 
DR\ = dR\ + u\ A R\ - R\ A = 0, (2.92) 

which are integrability conditions derived from (12.321) and (12.331 ). In general the equivalence (12.901) 
holds only if DT'^ = where R/ A E^ = \Rabc'^E'' A E'' A E" = \RyabcfE'' A E^ A E^ = 0. 
Note that Eq. (|2.29l ) is simply the consequence of the Jocobi identity for the Poisson bracket (11.61) . 
which should be true for a general Poisson structure (not necessarily nondegenerate) as long as the 
Schouten-Nijenhuis bracket [9,9]sn G T{/\^TM) vanishes. Thus Eq. (|2.29l ) will still be true for a 
generic Poisson manifold. And one may get the relation R[abc]'^ — D[aT^c] ~ ^ instead from (12.891) for a 
nonzero torsion. Nevertheless, we conjecture that the torsion will identically vanish even for a general 
Poisson manifold because the existence of a Poisson structure implies the equivalence principle in the 
theory of emergent gravity. 

The mission for the equations of motion (I2.30|) is more nontrivial. After some technical manipu- 
lation, a remarkably simple form for the Ricci tensor can be obtained in four dimensions 



Rab - 



'-d 'laJ-d 'Ibc + ^d 'ibJ-d 'lac 



l^c Vac^d Vbd + Vbc'^d Vad) 



(2.93) 



Remember that the Ricci tensor (12.931 ) is defined on-shell, i.e., the equations of motion (12.301) as 
well as the Bianchi identity (12.291) were already imposed in the course of derivation. Here we also 
decomposed iabc into self-dual and anti-self-dual parts as in Eq. (l2.36l) 

iabc = fi+N:, + itHb (2.94) 

where 

fi^Ni?^ = I {iabc ± Isab'^fdec) • (2.95) 
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For later use, let us also introduce a completely antisymmetric tensor defined by 

^abc = fabc + ffoca + ^cab = ^abcd'^d- (2.96) 

Using the decomposition (12.941 ). one can easily see that 

= -l^Sabcd^,,, = - (ii^^'vlb - tHb) , (2.97) 

while Eq. (l2.75l) leads to 

Pa = ^bab = - {tHb + tHb) ■ (2.98) 

Note that the right-hand side of Eg. (12.931) is purely interaction terms between the self-dual and anti- 
self-dual parts in Eg. (12.941) . Therefore, if gauge fields satisfy the self-duality eguation (12.701) . i.e. 
fa^''* = 0, they describe a Ricci-flat manifold, i.e., Rab = 0. Of course, this result is completely 
consistent with the previous self-dual case. 

The next step is to calculate the Einstein tensor to identify the form of energy-momentum tensor 

Eab = Rab — -^abR 

+Y, {itHA'^'vL + ^^-'HA'^'vi, - SabCHA-^'vie) (2.99) 
where the Ricci scalar R is given by 

R=pi^Hbit^'rfac- (2.100) 

We have adopted the conventional view that the gravitational field is represented by the spacetime 
metric itself. The problem thus becomes one of finding field eguations to relate the metric (12.671) 
to the energy-momentum distribution. According to our scheme. Eg. (12.991) therefore corresponds to 
such field eguations, i.e., the Einstein eguations. First, notice that the right-hand side of Eg. (12.991) 
identically vanishes for self-dual gauge fields, satisfying fi^^' = 0, whose energy-momentum tensor 
also identically vanishes because their action is topological, i.e., metric independent. But, for general 
gauge fields for which fi^^* ^ 0, the right-hand side of Eg. (12. 991) no longer vanishes, which in turn 
enforces Eab = Rab — \^abR 7^ 0. Because the Einstein tensor Eab eguals some energy-momentum 
tensor for matter fields, the non-vanishing Einstein tensor implies that there is a nontrivial energy- 
momentum tensor coming from U (1) gauge fields. In other words, the presence of U{\) gauge fields 
on a symplectic spacetime not only deforms spacetime geometry according to the correspondence 
(|1.12l) but also plays a role of matter fields contributing to the energy-momentum tensor. Indeed it 
should be the case because the action (|2.22l) reduces to the ordinary Maxwell theory in commutative 
limit and so has a nontrivial energy-momentum tensor. Therefore, it is natural to identify the right- 
hand side of Eg. (12. 991 ) with some energy-momentum tensor determined by U{1) gauge fields. 
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We intentionally make the following separation into two kinds of energy-momentum tensors de- 
noted by T^^) and Ti^) 

SirGfA^ 1 



r.4 



_ _J_ff{+)iiA-)J^,A+)iiA-)J^j\ 

^ab — ^2 \ d 'lac'-d 'kc ^ 'ibc^d 'lac J ■ 

J_f(+)*f(-bY j -j , i -j 

^2 d ^d ylacVbc + VbcVac 



— i^acd^bcd — -^ab^cde^cde ) , (2.101) 



A2 V 4 



SttG 



= Y^^i^K'^' {vlvl, + vivid - ^abvlnid) , 

i^(p,p, - vl/.M/, - ^6abipl - ^D) (2.102) 



2A 

where we have used the decomposition (12.951) and the relation 

^''Hb = -liPa + ^a), tHb = —iPa ' ^ a) 

With this notation, the Einstein equations (12.991) can be written as 

Eab = Rab — -j^^abR 



8nG 



c4 



The main motivation of the above separation was originated by the fact that the energy-momentum 
tensor T^^^^ is traceless, i.e., Ti^^"* = 0, because of the property vl^^^^vlib^^ = ^i^d so the Ricci scalar 
(|2.100l) is determined by the second energy-momentum tensor T^^^"* only. 

First let us identify the real character of the energy-momentum tensor (12.1011) . When one stares 
at the energy-momentum tensor in (|2.101l) . one may find that it is very reminiscent of the Maxwell 
energy-momentum tensor given by 

T^r^ = ^ {PacFbc - l^abFcdFj) , (2. 104) 

which is also traceless, i.e., Tia™^ = 0. Indeed it was argued in [l5l| that the energy-momentum tensor 
(12.1011) can be mapped to (12.1041) by reversely applying the map (11.121) . so to speak, by translating 
the map T{TM) C°°{M^ 

There is another reason why the energy-momentum tensor (12.1011) could be mapped to Eg. (|2. 1041) . 
Consider a commutative limit where |6'p = 'gac^bdd"'^(^^'^ = K'^lnBg'^]'^ — t- 0. In this limit we should 



^There was a perverse sign problem in reversing the map. We still don't understand how to properly translate the map 
r{TM) —i' C°°{M) to avoid the sign problem. In a way, one may consider some analytic continuation such that every 
modules are defined over C, as was suggested in IS). Anyway the sign issue will be insignificant at this stage. 
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recover the ordinary Maxwell theory from the action (12.221) which may be more obvious from the left- 
hand side of Eq. (|2.14|) . Because the action (12.221 ) is defined in the commutative limit which reduces to 
the Maxwell theory at 16*1 =0, the Maxwell theory should play a role in the Einstein equation (12.1031) . 
Of course it would be most natural if it appears in the right-hand side of the Einstein equation (12.1031 ) 
as an energy-momentum tensor, as we explained above. 

If so, it is still necessary to understand how the gravitational constant G in (12.1031) arose from the 
gauge theory (|2.22l) because it did not contain G from the outset. Recall that both (|2.103l) and (12.1041) 
are valid even in D-dimensions. Because the energy-momentum tensor carries the physical dimension 
of energy density, i.e., [T^^j™^] = ^'[iZi ^ and [Rab] = L^^, we need some physical constant carrying 
the physical dimension of M~^L^^^T^'^ in the form of Eq. (12. 1031 ). Of course, it is the Newton 
constant G. See Eq. (|1.14| ). But we remarked that, if a field theory is equipped with an intrinsic length 
scale, which is precisely the case of the action (12.221) with = \9\, the gravitational constant G can 
arise purely from the field theory. In our case, it means [5] that the gravitational constant G can be 
determined by the field theory parameters only in Eq. (|2.22l) : 

^-9'ym\0\- (2.105) 

We will postpone to next section to pose an important question on what the physical implications of 
Eq. (12. 1051) are, because we are not so prepared for that question so far. 

Now it is in order to ask the real character of the energy-momentum tensor (12.1021) . As we pointed 
out before, T^^^^'* in (12.1011) is traceless and so the Ricci scalar (12.1001) should genuinely be determined 
by the second energy-momentum tensor (12.1021) . For example, let us consider a maximally symmetric 
space in which the curvature and Ricci tensors are given by 

R R 

Rabcd = jj^jj ^(^ac^bd — Sad^bc), Rab = J^^ab- (2.106) 

So let us simply assume that the Einstein equations (12.1031) allow a nearly maximally symmetric 
spacetime. In this case, the energy-momentum tensor (|2.102l) will be dominant and the global struc- 
ture of spactime will be determined by t|^^ only. 

To descry more close aspects of the energy-momentum tensor (I2.102|) . let us consider the follow- 
ing decomposition 



^Sabpl + (papb - ^^afePc) > 
^a^6 = \^ab'^l + (*a^6 " ^^afe^e) ■ (2-107) 



papb ^ 



In the above decomposition, the first terms correspond to scalar modes and will be a source of the 
expansion/contraction of spacetime while the second terms correspond to quadruple modes and will 
give rise to the shear distortion of spacetime, which can be seen via the Raychauduri's equation (15.131) . 
For a nearly maximally symmetric spacetime, the second terms can thus be neglected. In this case 
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the energy-momentum tensor (|2.102l) behaves like a cosmological constant for a (nearly) constant 
curvature spacetime, i.e., 

Ti^' - -^S^. (2.108) 

In Section 5, we will consider the Wick rotation, y'^ = iy^, of the energy-momentum tensor (12.1021) 
and discuss a very surprising aspect of it in Minkowski signature. 



3 Quantum Gravity 

Riemannian geometry has been charged with a primary role in describing the theory of gravity. But 
many astronomical phenomena involved with very strongly gravitating systems, e.g., the Big-Bang, 
black holes, etc., disclose that the Riemannian geometry describing a smooth spacetime manifold is 
not enough. Instead it turns out that a "quantum geometry" is necessary to describe such extremely 
gravitating systems. Unfortunately we still don't know how to quantize a Riemannian manifold in 
order to define the quantum geometry. 

In the previous section we showed that a Riemannian geometry can be emergent from a Poisson 
geometry in the context of emergent gravity. The underlying Poisson geometry has been defined by 
the f/(l) gauge theory on a Poisson spacetime. Therefore we may quantize the Poisson geometry 
to define quantum gravity. Now we want to explore how the Poisson geometry defined by the U{1) 
gauge theory on the Poisson spacetime could be quantized to describe quantum geometries. 



3.1 Quantum equivalence principle 

In the first section we have suggested that the quantization of gravity might be defined by the space- 
time deformation in terms of G rather than h. If spin-two graviton were really a fundamental particle, 
it could be physically viable to quantize gravity in terms of the Planck constant h which will quantize 
the particle phase space of gravitons. But recent developments in string theory |l9l, especially, known 
as the AdS/CFT duality, open-closed string duality, matrix models, etc, imply that gravity may be a 
collective phenomenon emergent from gauge fields. That is, the spin-two graviton might arise as a 
composite of two spin-one gauge bosons. Amusingly this composite nature of gravitons is already 
inherent in the vielbein formalism as the metric expression (11.21) politely insinuates. 

In the second section we showed that Einstein gravity can be formulated in terms of symplectic 
geometry rather than Riemannian geometry in the context of emergent gravity. An essential step for 
emergent gravity was to realize the equivalence principle, the most important property in the theory 
of gravity (general relativity), from U (1) gauge theory on a symplectic or Poisson manifold. Through 
the realization of the equivalence principle which is an intrinsic property in the symplectic geometry 
||6l known as the Darboux theorem or the Moser lemma, we could understand how diffeomorphism 
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symmetry arises from symplectic U{1) gauge theory and so gravity can emerge from the symplectic 
electromagnetism, which is also an interacting theory. 

A unique feature of gravity disparate from other physical interactions is that it is characterized 
by the Newton constant G whose physical dimension is of (length)^ in the natural unit. We have 
to deeply ruminate about its physical origin. Our proposal was that it is inherited from a Poisson 
structure of spacetime. In order to support it, we have elucidated how gravity can be emergent from a 
field theory on such a spacetime, so-called, a symplectic or, more generally, Poisson manifold. Also 
we have realized such an idea in (|2.105l) that the gravitational constant G can be purely determined 
by gauge theory parameters, signaling the emergence of gravity from the field theory. Remarkably it 
turned out that U{1) gauge theory defined with an intrinsic length scale set by the Poisson structure 
(11.61 ) should be a theory of gravity. 

Therefore it is now obvious how to quantize gravity if gravity is emergent from a gauge theory 
defined on a symplectic or Poisson manifold. We already briefly speculated in subsection 1.3 how 
quantum geometry can arise from the quantization of spacetime, i.e., noncommutative spacetime. We 
will more clarify how the essential properties of emergent gravity can be lifted to the noncommutative 
spacetime. In particular, we want to clarify how the Darboux theorem as the equivalence principle 
for emergent gravity can be realized in a full noncommutative geometry. It was already convincingly 
argued in [j3J that such kind of "quantum equivalence principle" exists in the context of deformation 
quantization a la Kontsevich as a gauge equivalence between star products. Actually this gauge 
equivalence between star products reduces in commutative limit to the usual Darboux theorem and 
was the basis of the Seiberg-Witten map between commutative and noncommutative gauge fields [fTOl . 
as was also discussed in [3]. Therefore, a general noncommutative deformation of emergent gravity 
would be possible because Kontsevich already proved [fT2l that any Poisson manifold can always be 
quantized at least in the context of deformation quantization. 

As we argued in the second section, the Darboux theorem or more precisely the Moser lemma in 
symplectic geometry is enough to derive Einstein gravity because the latter arises from f/(l) gauge 
theory on a symplectic manifold. Now we want to quantize the U{1) gauge theory defined by the 
action (|2.22l) a la Dirac, i.e., by adopting the quantization rule (|1.7I) : 

{Da,D,}g ^ -i[D,,D,] = -B,, + Fa,, (3.1) 
where Fab ^ Ae is the noncommutative field strength defined by 

Fab = daAb - dbAa - l[Aa, Ab]. (3.2) 

Here we will understand the noncommutative fields in (13.11 ) as self-adjoint operators acting on the 
Hilbert space T-i. Then we get the gauge theory defined on the noncommutative spacetime (11.81 ) 

S = -^TTH[Da,Db][D'',D% (3.3) 
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where Gg = gs/^nn'^ and the trace Tr ^ is defined over the Fock space (11.181) and can be identified 
with 



The Jacobi identity for the operator algebra Ae leads to the Bianchi identity 

[D[aADb, = -D[A]=0, (3.5) 
and the equations of motion derived from the action (13.31) reads as 

[5",[5,,5fe]] = -5"F„, = 0, (3.6) 

where 

DA = dA-i[Aa,Fhc]. (3.7) 

In classical mechanics, the set of possible states of a particle system forms a Poisson manifold P. 
The observables that we want to measure are smooth functions in C°°{P), forming a commutative 
(Poisson) algebra. In quantum mechanics, the set of possible states is represented by a Hilbert space 
H. The observables are self-adjoint operators acting on "H, forming a noncommutative ^ir-algebra. The 
change from a Poisson manifold to a Hilbert space is a pretty big one. 

A natural question is whether the quantization such as Eq. (ll.7l) for a spacetime manifold M with a 
general Poisson structure tt = ^irf^" {x)-£^ A ^ G /\^ TM is always possible with a radical change in 
the nature of the observables. The problem is how to construct the Hilbert space for a general Poisson 
manifold, which is in general highly nontrivial. Deformation quantization was proposed in [|58l as 
an alternative, where the quantization is understood as a deformation of the algebra A = C^{M) of 
classical observables. Instead of building a Hilbert space from a Poisson manifold and associating 
an algebra of operators to it, we are only concerned with the algebra A to deform the commutative 
product in C°°(M) to a noncommutative and associative product. In a canonical phase space where 
71 = 9 such as the case we have considered so far, it is easy to show that the two approaches have 
one-to-one correspondence through the Weyl-Moyal map OO: 



f-9 = if^9){y) = exp ( '-e'^-'dydt ) f{y)giz) 



(3.8) 



y=z 



Recently M. Kontsevich answered the above question in the context of deformation quantization 
[fT2l . He proved that every finite-dimensional Poisson manifold M admits a canonical deformation 
quantization and that changing coordinates leads to gauge equivalent star products. We briefly reca- 
pitulate his results which will be useful for our later discussions. 

Let A be the algebra over R of smooth functions on a finite-dimensional -manifold M. A star 
product on A is an associative JR [[/?,]] -bilinear product on the algebra ^[[^]], a formal power series in 
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h with coefficients in C°^{M) = A, given by the following formula for f,gEAc ^[[^]]: § 

{f,9)^ f*9 = f9 + mif, g) + h^B^U, g) + ---e A[[h]] (3.9) 

where g) are bidifferential operators. There is a natural gauge group which acts on star prod- 
ucts. This group consists of automorphisms of ^[[^]] considered as an R[[7i]]-module (i.e. linear 
transformations A ^ A parameterized by h). If D{h) = 1 + X]n>i ^"-^n is such an automorphism 
where Dn : A ^ Adx& differential operators, it acts on the set of star products as 

* ^ V, f{h) V g{h) = D{h) {D{h)-\f{h)) ^ D{h)-\g{h))) (3.10) 

for f{h), g{h) e A[[h]]. This is evident from the commutativity of the diagram 

Aim X Am] AM] 

D{h)xD{h) D{h) 

AM] X AM] AM] 

Two star products -k and -k' are called equivalent if there exists an automorphism D{h), a formal 
power series of differential operators, satisfying Eq. (|3.10l) . We are interested in star products up to 
the gauge equivalence. This equivalence relation is closely related to the cohomological Hochschild 
complex of algebra A [fT2l . i.e. the algebra of smooth poly vector fields on M. For example, it follows 
from the associativity of the product (|3.9I) that the symmetric part of Bi can be killed by a gauge 
transformation which is a coboundary in the Hochschild complex, and that the antisymmetric part of 
Bi, denoted as B^ , comes from a bivector field tt G r(A^TM) on M: 

B^{f,g) = {7T,df®dg). (3.11) 

In fact, any Hochschild coboundary can be removed by a gauge transformation D{h), so leading to 
the gauge equivalent star product (13.101) . The associativity at 0{h^) further constrains that tt must be 
a Poisson structure on M, in other words, [vr, ti]sn = 0, where the bracket is the Schouten-Nijenhuis 
bracket on polyvector fields (see Ref. [fT2l for the definition of this bracket and the Hochschild coho- 
mology). Thus, gauge equivalence classes of star products modulo 0{h?) are classified by Poisson 
structures on M. It was shown [il2j that there are no other obstructions to deforming the algebra A 
up to arbitrary higher orders in h. 

For an equivalence class of star products for any Poisson manifold, Kontsevich arrived at the 
following general result [fT2| : 



^Here ?i is a formal deformation parameter which may be identified with either 16*1 or the Planck constant h, depending 
on the choice of a Poisson manifold P or M. For the Poisson manifold M with the Poisson structure 6* e /\^ TM, it 
would be convenient to take the rescaling 9^" — ?• h 9^^" because h is regarded as a plain parameter without any indices. In 
the end, one may set ^ = 1. 
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The set of gauge equivalence classes of star products on a smooth manifold M can be naturally 
identified with the set of equivalence classes ofPoisson structures depending formally on h 



'K = 'K{n) = 'Kih + 'K2h^ + ---eT{K^TM)[[h]], [ii,Ti]sN = ^eT{k^TM)[[h]] (3.12) 



modulo the action of the group of formal paths in the diffeomorphism group of M, starting at the 
identity diffeomorphism. And, if we change coordinates in Eq A3.% . we obtain a gauge equivalent 
star product. 

The above theorem means that the set of equivalence classes of associative algebras close to 
algebras of functions on manifolds is in one-to-one correspondence with the set of equivalence classes 
of Poisson manifolds module diffeomorphisms. 

Suppose that the Poisson tensor vr = |7r^'^(x)^ A ^ G TM is a nondegenerate constant 
bi-vector and denote it with again. In this case the star product is given by Eq. (|3.8l ). the so-called 
Moyal product. If we make an arbitrary change of coordinates, i— )■ x"'{y), in the Moyal 7»r-product 
(|3.8I) . which is nothing but the Kontsevich's star product (13.91 ) with the constant Poisson bi-vector 9, 
we will get a new star product (13.91 ) defined by a Poisson bi-vector 7r(/i). But the resulting star product 
has to be gauge equivalent to the Moyal product (13.81) and 7i{h) belongs to the same equivalence class 
of Poisson structures and so could be determined by a formal power series (13.121 ) of the original 
Poisson bi-vector 9. Conversely, if two star products ^ and ^' are gauge equivalent in the sense that 
there exists an automorphism D(h) satisfying (13.101 ), the Poisson structures 9 and vr defining the star 
products ik and -k', respectively, must belong to the same gauge equivalence class. This is the general 
statement of the above theorem. 

Actually it is easy to show that the gauge equivalence relation (13.101) between star products reduces 
to the Darboux transformation (12.71) in commutative limit where D{h) = 1. After identifying vr^^ = 
B + F and 9^^ = B, we get in this limit 



which is precisely the inverse of Eq. (|2.7| ) if ui = n^^ and uq = 9^^. 

Therefore we propose [3] the "quantum equivalence principle" as the gauge equivalence (|3.10l) be- 
tween star products in the sense that the Darboux theorem as the equivalence principle for emergent 
gravity is lifted to noncommutative geometry. Furthermore the isomorphism (12.121) from the Lie alge- 
bra of Poisson vector fields to the Lie algebra of vector fields as derivations of C°°{M) can be lifted 
to the noncommutative spacetime (11.81 ) as follows. Consider an adjoint operation of noncommutative 
gauge fields Da{y) G Ae in (13.11) 




(3.13) 



V,[f]{y)^-z[Da{y),fiy)l. 



(3.14) 



The leading term in Eq. (|3.14| ) exactly recovers the vector fields in Eq. (|1.12| ), i.e.. 





= Va[f]{y) + Oi9'). 



(3.15) 
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Because the star product (13.91 ) is associative, one can show the following properties 



KlDM = l^^^^'^l- (3.16) 

Theaboveproperty implies that we can identify the adjoint operation Der(^e) = {Va\a = 1, ■ ■ ■ ,2n} 
with the (inner) derivations of noncommutative ^tr-algebra Ag and so the generalization of vector fields 
r(TM) = {Va\a = !,■■■ , 2n} in Eq. (frT2l) . Using Eq. (l37T6l) . one can show that 

= [K,H]., (3.17) 

^D.i?,. = ft, [H, m, (3.18) 

which may be compared with (12.271) and (|2.28l) . We can use the map (13.181) in the exactly same way 
as the Poisson algebra case to translate the Jacobi identity (13.51) and the equations of motion (|3.6I) into 
some relations between the generalized vector fields Va defined by (|3.14l) [|5l: 

D[aFbc] = ^ [V[a,[Vb,%U. = 0, (3.19) 
D^Fab = ^ [r",[K,H].], = 0. (3.20) 

We will consider the system of the derivations of noncommutative ^ir-algebra Ae defined by (13.191 ) 
and (13.201) as the quantization of the system given by (12.291 ) and (12.301) and so the quantization of 
Einstein gravity in the sense of Eq. (|1.7l) . To support the claim, we will take the correspondence (|1.22l) 
to show PI that any large N gauge theory can be mapped to a noncommutative f/(l) gauge theory 
like as (13.31) . Because the large gauge theory is believed to provide a theory of quantum geometries 
as evidenced by the AdS/CFT correspondence and various matrix models in string theory, we think it 
could be a reasonable evidence for our claim. 



3.2 Noncommutative electromagnetism as a large gauge theory 

Let us consider U{N — )■ oo) Yang-Mills theory in d dimensions 

Sm = -^ j d'^zTi (^^F^uF^-" + 1/}^$'^^^$'^ - <|.^]2^ , (3.21) 

where Gs = 2T[gs/ {2t{k)~ and (a = 1, ■ ■ ■ , 2n) are adjoint scalar fields in U{N). Here the 
d-dimensional commutative spacetime will be taken with either Lorentzian or Euclidean signa- 
ture. Note that, if d = 4 and n = 3, the action (|3.21l) is exactly the bosonic part of 4-dimensional 
J\f = 4: supersymmetric U{N) Yang-Mills theory, which is the large N gauge theory of the AdS/CFT 
correspondence. 

Suppose that a vacuum of the theory (13.211) is given by 

($")vac = -y", {A,Uc = 0. (3.22) 
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We will assume that the vacuum expectation values y'^ E U (N) in the N ^ oo limit satisfy the 
algebra 

[y-,y']=te-'lN^N, (3.23) 

where 6*"^ is a constant matrix of rank 2n. If so, the vacuum (13.221 ) is definitely a solution of the 
theory (13.211) and the large matrices can be mapped to noncommutative fields according to the 
correspondence (|1.22l) . The adjoint scalar fields in vacuum then satisfy the noncommutative Moyal 
algebra defined by (11.81) or equivalently 



[l/^/], = ^r^ (3.24) 

Now let us expand large matrices in the action (13.211 ) around the vacuum (13.221) 

$"(z,l/) = -(l/" + r^A(^,y)), (3.25) 

K 

Df,{z,y) = df,-iAf,{z,y), (3.26) 

where we assumed that the fluctuations Am{X) = (A^, Aa){z, y),M = l,---,d + 2n, also depend 
on the vacuum moduli in (|3.22l) . Therefore let us introduce D = d + 2n-dimensional coordinates 
= (z^, y"-) which consist of rf-dimensional commutative ones, denoted hy z^ = 1, ■ ■ ■ , d), 
and 2n-dimensional noncommutative ones, denoted by (a = 1, ■ ■ ■ , 2n), satisfying the relation 
(|3.24l) . Likewise, /^-dimensional gauge fields Am{X) are also introduced in a similar way § 

Dm{X) = dM-tAM{X) 

= iD^ = d^-iA^,Da = -inBab^')iz,y). (3.27) 

According to the correspondence (11.221) . we will replace the matrix commutator in the action 
(|3.21l) by the star commutator, i.e., 

[*,<|k]ivxiv -> (3.28) 
It is then straightforward to calculate each component in the matrix action (|3.21l) 

F^u = i[D^, Du]* = dj^iAi, — dijA^ — ^[A^, Ay\^ := F^^, 

Qab 0ab , ^ ^ ^ ^ \ Q'^^ 



= i—\D^, D,\, = — (d^A, - dbA^ - t[A^, A,l) := —F^,, (3.29) 
= = ^e'^-e^'^f - B^i + dJd - ddA - t[Ac, A, 

7 / ^ \ ab 



^Our notation here may be sloppy. Da in (13.27b contain an extra —i compared to (13. lb . This sloppy notation is for the 
parallel march with D^. 
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where we defined [9^, /]^ = 9^/ and B = ^Bahdy"" A dy^ with rank(i?) = 2n. It is important to 
notice that large matrices in the vacuum (13.221 ) are now represented by their master fields which 
are higher dimensional noncommutative U{\) gauge fields in (|3.27h whose field strength is given by 



MN 



SmAn - On Am - «[Am, ^tv]*- (3.30) 



Collecting all the results in (13.291) and also using the trace (13. 4|) . the action (|3.21l) can be recast into 
the simple form llH 

Sb = ~~r^ — [ d^X\^—GG^^^G^'^{FMN — Bmn) * {Fpq — Bpq), (3.31) 



where we assumed the constant metric on = x R^^* '^he following form 



ds^ = GMNdX^^dX^ 



MN 

= g^^dzf^dz" + gabdy''dy'' (3.32) 

and the relations in (12.161) . (12.171) and (|2.18l) were used. In the end the d-dimensional U{N) Yang- 
Mills theory (|3.21l) has been transformed into a D-dimensional noncommutative U (1) gauge theory. 

Depending on the choice of base space R^, one can get a series of matrix models from the large 
N gauge theory (13.211) . For instance, the IKKT matrix model for d = [14]. the BFSS matrix model 
for d = 1 [fT3l and the matrix string theory for = 2 [15|. The most interesting case is of d = 4 
and n = 3 that is equal to the bosonic part of 4-dimensional J\f = A supersymmetric U (N) Yang- 
Mills theory in the AdS/CFT duality IfTSl and is equivalent to the 10-dimensional noncommutative 
U{1) gauge theory on R^ x R^,^. Note that all these matrix models or large gauge theories are 
a nonperturbative formulation of string or M theories. Therefore it would be reasonable to expect 
that the d-dimensional U{N oo) gauge theory (13.211) and so the D-dimensional noncommutative 
U{1) gauge theory (|3.31l) describe a theory of quantum gravity, according to the large duality or 
AdS/CFT correspondence. 

We will give further evidences why the matrix action (13.211 ) contains a variety of quantum geome- 
tries and how smooth Riemannian geometries can be emergent from the action (13.311) in commutative 
limit. First apply the adjoint operation (13.141) to the D-dimensional noncommutative gauge fields 
Da{X) = {D^, Da){z,y) (after switching the index M A to distinguish from local coordinate 
indices M,N,---) 

VA[f]{X) = [DAJUz,y) 

^ V^iz,y)dMfiz,y) + Oie'), (3.33) 

where Vj^ = 5^ because the star product acts only on y-coordinates and we define [d^, /(X)]^ = 
More explicitly, the D-dimensional noncommutative U{1) gauge fields at the leading order 
appear as the usual vector fields (frames in tangent bundle) on a /^-dimensional manifold M given by 

VA{X) = {d, + Alda,D':^db) (3.34) 
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or with matrix notation 



^AiX) = I 1^ 1m , (3.35) 



D 



a 



where 

Al ^ -r^^, D:^5:- d'^^-^. (3.36) 



One can easily check that Va's in Eq. (l3.34l) take values in the Lie algebra of volume-preserving 
vector fields, i.e., OmV^^ = 0. One can also determine the dual basis = V^^dX^^ e T{T*M), 
i.e., (y^, Vb) = 5^' which is given by 



or with matrix notation 



where V^D^ = 5^ 



\/^(X) = {dz^", V^{dy^ - Aldz^")) (3.37) 



f,v _Ya Ab 

V^AX) = \ ^ \. (3.38) 



From the previous analysis in Section 2.3 (which corresponds to c? = case), we know that the 
vector fields Va determined by gauge fields are related to the orthonormal frames (vielbeins) Ea by 
Va = XEa and so = where the conformal factor A will be determined later. (This situation 
is very reminiscent of the string frame (Va) and the Einstein frame (Ea) in string theory.) Hence the 
D-dimensional metric can be determined explicitly by the dual basis (13.371 ) up to a conformal factor 



ds^ = r]ABE^(S)E^ 

= X^VabV ® = \^VabV^,V^ dX^' ® dX^ 

= \^ {ri^Jz^dz'' + 5abV^V!{dy'' - A'){dy'' - A'^)) (3.39) 

where A" = Af,dz^. 

The conformal factor in the metric (13.391 ) can be determined in exactly the same way as the 
Section 2.3. Choose a D-dimensional volume form with a matching parameter A G (7°°(M) such that 

u = AV^ A---AV^ (3.40) 

and so 

A2 = z/(\/i,--- ,Vd). (3.41) 

Then the vector fields Va are volume preserving with respect to a D-dimensional volume form u = 
A(2-^)z/g where 



i^g = E^ A--- AE^ (3.42) 
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and the vector fields Ea are volume preserving with respect to another volume form u = X^^ ^^^g- 
Because OmV^ = or Cv^y = 0, we can choose the invariant volume by turning off all fluctuations 
in (13401) as 

v = dz^ A---Adz'^ Ady^ dy^"". (3.43) 

Then we finally get 

A2 = det^Vfe". (3.44) 

One can see that the spacetime geometry described by the metric (13.391 ) is completely determined 
by noncommutative gauge fields whose underlying theory is defined by the action (|3.21l) or (13.311) . 
One may also confirm the claim in Section 1.1 that a spin-two graviton arises as a composite of 
two spin-one vector fields and such spin-one vector fields arise from electromagnetic fields living 
in the noncommutative spacetime (13.241 ). But one has to remember that the spacetime geometry 
(13.391 ) is responsible only for the leading order, i.e., 0{6), of the generalized vector fields defined 
by (13.331 ). All higher derivative terms in the star product in Eg. (13. 331 ) are simply ignored. If such 
higher derivative terms are included in the star product in (13.331) order by order, they will deform the 
Einstein gravity order by order as a response of noncommutative effects of spacetime. (See Ref.[3J 
for higher order corrections to emergent gravity.) If a probe goes into a deep microscopic world 
where the noncommutative effect of spacetime will grow significantly, the gravity description (13.391) 
in terms of smooth geometries will gradually become crude and coarse. In the deep noncommutative 
space, we have to replace Einstein gravity by a more fundamental theory describing quantum gravity 
or noncommutative geometry. We argued that such a fundamental theory could be implemented by 
the large N gauge theory (13.211) or the higher dimensional noncommutative U{1) gauge theory (13.311 ). 

First note that 

[Da, DbI = -i{Fab - Bab), (3.45) 
[Da, [Db, DcU. = -iDaFbc, (3-46) 

where 

DaFbc = OaFbc - i[Da, Fbc].. (3.47) 
Therefore the Bianchi identity and the equations of motion for the action (13.311) can be written as 

D^aFbc] = ^[D[A, [Db, Dc]].]^ = 0, (3.48) 
D^Fab = i[D'', [Da, Db].], = 0. (3.49) 

Then the above equations can be translated into some "geometric" equations of generalized vector 
fields defined in (13331) : 

D^aFbc]=Q ^ [V^a,[Vb,Vc]]A^ = Q, (3.50) 
D^Fab = ^ ^ [V^,[Va,Vb].]. = Q. (3.51) 
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It may be useful to introduce a noncommutative version of the structure equation (12.681) 



[VA,VBl = -dAB''Vc^ (3.52) 

with the ordering prescription that the structure coefficients ^^b^ ^ -^e always coming to the 
left-hand side. The equations (13.501) and (13.511) can be rewritten using the structure equation (13.521) as 

D[aFbc] = ^ V^AdBC] - ^iBc ^ ^A]F = 0, (3.53) 
D^'Fab = ^ r^^^ [VAdBj" - ^Bc * ^a/) = 0. (3.54) 

Take a commutative limit |^| — j- (in the same sense as /I — )■ in quantum mechanics) and keep 
only the leading term in Eq. (l3.33l) for the generalized vector fields Va- In this limit we will recover 
the Einstein gravity for the emergent metric (|3.39l) where (|3.53l) and (|3.54l) reduce to the first Bianchi 
identity for Riemann tensors and the Einstein equations, respectively, as we checked in the previous 
section. The Einstein gravity is relevant only in this limit. If |^^| is finite (in the same sense as /i — )■ 1 
in quantum mechanics), we have to ask to (13.531) and (|3.54l) instead; What's going on there ? 

In order to answer the question, it is necessary to solve the equations (|3.53l) and (13.541) first. Of 
course, it will be in general very difficult to solve the equations. Instead one may introduce linear 
algebraic conditions of D-dimensional field strengths Fab as a higher dimensional analogue of 4- 
dimensional self-duality equations such that the Yang-Mills equations in the action (13.311) follow 
automatically. These are of the following type |[60l 

-^TabcdFcd = xFab (3.55) 

with a constant 4-form tensor Tabcd- The relation (13.551) clearly implies via the Bianchi identity 
(13.501) that the equations of motion (13.511) are satisfied provided x is nonzero. For D > A, the 4-form 
tensor Tabcd cannot be invariant under SO{D) transformations and the equation (13.551) breaks the 
rotational symmetry to a subgroup H C SO{D). Thus the resulting first order equations can be 
classified by the unbroken symmetry H under which Tabcd remain invariant [|60ll . It was also shown 
||6n that the first order linear equations above are closely related to supersymmetric states, i.e., BPS 
states in higher dimensional Yang-Mills theories. 
Note that 

V[DM = -^Vfab = fc' ^bI- (3.56) 

Using the homomorphism (13.561 ). one can translate the generalized self-duality equation (13.551 ) into 
the structure equation between vector fields 

^TabcdFcd = xFab ^ ^Tabcd[Vc,Vd]. = x[Va,VbI. (3.57) 

Therefore a /^-dimensional noncommutative gauge field configuration satisfying the first-order sys- 
tem defined by the left-hand side of (|3.57l) is isomorphic to a D -dimensional emergent "quantum" 
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geometry defined by the right-hand side of (13.571) whose metric in commutative limit is given by 
(I3.39I ). For example, in four dimensions where Tabcd = ^abcd and x = Eq. (|3.57l ) goes to 
(|2.66l) describing gravitational instantons in the commutative limit. Hence it will not be absurd if 
someone claims that self-dual noncommutative electromagnetism in four dimensions is equivalent to 
self-dual quantum gravity [l2l[34]|. Indeed it was argued in [4j that the emergent geometry arising from 
the self-dual system (|3.57l) is closely related to the bubbling geometry in AdS space found in ||29ll . 

3.3 Background independent quantum gravity 

According to Einstein, the gravity is the dynamics of spacetime geometry. Therefore, as emphasized 
by Elvang and Polchinski [|62ll . the emergence of gravity necessarily requires the emergence of space- 
time itself. That is, spacetime is not given a priori but should be derived from fundamental ingredients 
in quantum gravity theory, say, "spacetime atoms". But, for consistency, the entire spacetime includ- 
ing a flat spacetime must be emergent. In other words, the emergent gravity should necessarily be 
"background independent" where any spacetime structure is not a priori assumed but defined by the 
theory. Furthermore, if spacetime is emergent, then all fields supported on this spacetime must be 
emergent too. The question is how everything including spacetime, gauge fields and matter fields 
could be emergent collectively. We know emergent phenomena in condensed matters arise due to 
a very coherent condensation in vacuum. So, in order to realize all these emergent phenomena, the 
emergent spacetime needs to be derived from an extremely coherent vacuum, which is the lesson we 
learned from the condensed matters. It turns out to be the case if a flat spacetime is emergent from a 
noncommutative algebra such as quantum harmonic oscillators. 

We will carefully recapitulate the emergent gravity derived from the action (13.211 ) to throw the uni- 
verse into a fresh perspective and to elucidate how the emergent gravity based on the noncommutative 
geometry achieves the background independence. Of course, real physics is necessarily background 
dependent because a physical phenomenon occurs in a particular background with specific initial 
conditions. The background independence here means that, although physical events occur in a par- 
ticular (spacetime and material) background, an underlying theory itself describing such a physical 
event should not presuppose any kind of spacetime as well as material backgrounds. The background 
in itself should also arise from a solution of the underlying theory. 

The U{N) gauge theory (13.211 ) is defined by a collection of iV x matrices (A^, on a 

d-dimensional flat spacetime R^. Note that the rf-dimensional flat spacetime already exists from 
the beginning independently of U (N) gauge fields and the theory says nothing about its origin. It just 
serves as a playground for the players (A^, $"). 

We showed that the (i-dimensional matrix theory (13.211) in the A^ — oo limit and in a particular 
background can be mapped to the D = d + 2n-dimensional noncommutative U{1) gauge theory. 
The resulting higher-dimensional U{1) gauge theory has been transformed to a theory of higher- 
dimensional gravity describing a dynamical spacetime geometry according to the isomorphism be- 
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tween the noncommutative ^ir-algebra Ae and the algebra Der(^e) of vector fields. Look at the metric 
(13.391 ). Definitely the extra 2n-dimensional spacetime was emergent and takes part in the spacetime 
geometry. It was not an existent spacetime background in the action (|3.21l) at the outset. But the 
theory says that it was originated from the vacuum (13.221 ). One can easily check this fact by turning 
off all fluctuations in the metric (13.391) . The _D-dimensional flat spacetime is coming from the vacuum 
configuration (|3.22l) whose vector field is given by V^™'^-' = (c}^, da) according to Eg. (13. 331) . Further- 
more the vacuum is a solution of the theory (13.211) . Therefore the underlying theory (13.211) by itself 
entirely describes the emergence of the 2n-dimensional space and its dynamical fluctuations. 

Also note that the original (i-dimensional spacetime is now dynamical, not a playground any more, 
although the original flat spacetime part was assumed a priori in the theory. One can see that the 
existence of nontrivial gauge field fluctuations A^(z) causes the curving of R^. Therefore the large 
gauge theory (13.211 ) almost provides a background independent description of spacetime geometry 
except the original background R^. 

Now a question is how to achieve a complete background independence about emergent geometry. 
An answer is simple. We may completely remove the spacetime R^ from the action (13.211) and start 
with a theory without spacetime from the beginning. It is well-known in matrix models how to do this 
operation. This change of dimensionality appears in the matrix theory as the 'matrix T-duality' (see 
Sec. VI.A in ^) defined by 

zD^ = id^ + A^^ (3.58) 

Applying the matrix T-duality (I3.58|) to the action (13.211) . on one hand, one can arrive at the 0- 
dimensional IKKT matrix model lfT4ll in the case of Euclidean signature 

SiKKT = -^Tr (-[X''',X''][Xm,Xj,]\ (3.59) 



where X*^ = or the 1 -dimensional BESS matrix model [fT3l in the case of Lorentzian signature 

Sbfss = / ^'^Tr {^Do^'^D^^'^ - ^'f^ . (3.60) 
On the other hand, one can also go up to D-dimensional pure U [N] Yang-Mills theory given by 

Sc = I d^'XTiFMNF^''. (3.61) 



Note that the i?-field is completely disappeared, i.e., the spacetime is commutative. In fact the T- 
duality between the theories defined by (13.311 ) and (13.611 ) is an analogue of the Morita equivalence on 
a noncommutative torus stating that noncommutative U{1) gauge theory with rational = M/N is 
equivalent to an ordinary U (N) gauge theory IfTOl . 

Let us focus on the IKKT matrix model (13.591) because it is completely background independent 
because it is 0-dimensional. In order to define the action (13.591) , it is not necessary to assume the 
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prior existence of any spacetime structure. There are only a bunch of x Hermitian matrices 
X*^ (M = 1, ■ ■ ■ , D) which are subject to a couple of algebraic relations given by 

[X^, [X^, X^]] + [X^, [X^, X*^]] + [X^, [X*^ X^]] = 0, (3.62) 
[Xm,[X^^X^]] = 0. (3.63) 

Suppose that a vacuum of the theory (13.591) in the X — )► oo limit is given by 

[X^,X^] = z^^^l^x^ = I j l^x^ (3.64) 

where O""^ is a constant matrix of rank 2n. In exactly the same way as the case (|3.21l) . one can map 
the N X N matrices X^^ = (X^, X") into noncommutative fields according to the correspondence 
(fr22l) 

(X^X'^)^x^ ^ V^A(y)) G A (3.65) 

where Da{y) G Ae is given by (13.11) . It is then straightforward to get a 2ri-dimensional noncommuta- 
tive f/(l) gauge theory from the matrix action (13.591) 

5=^1 £'^y./d[\r'9''{F,b-Bab)^{Fc,-B,,) + ^r'Da^^ (3-66) 

where g^^^^ and the metric are defined by (|2.16l) . (|2.17l) and (|2.18l) . If 6'^''^^ in (|3.64l) is a constant 
matrix of rank D = d + 2n instead, we will get a D-dimensional noncommutative U{1) gauge theory 
whose action is basically the same as Eg. (13. 311) except that it comes with Euclidean signature and a 
constant 5-field of rank D. 

In summary, we have scanned both U{N) Yang-Mills theories and noncommutative f/(l) gauge 
theories in various dimensions and different i?-field backgrounds by applying the matrix T-duality 
(|3.58l) and the correspondence (11.221) . From the derivation of Eg. (13. 311) . one may notice that the rank 
of i?-field is egual to the dimension of emergent space, which is also egual to the number of adjoint 
scalar fields G U{N). Therefore the matrix theory (13.211) can be defined in different dimensions 
by changing the rank of i?-field if the dimension D was fixed, e.g., D = 10. On the other hand, 
we can change the dimensionality of the theory (13.661 ) by changing the rank of 9 in (13.641) . In this 
way we can connect every U{N) Yang-Mills theories and noncommutative f/(l) gauge theories in 
various dimensions by changing the 5-field background and applying the matrix T-duality (13.581 ) and 
the correspondence (|1.22l) . It is really remarkable ! 

But there is also a caveat. One can change the dimensionality of matrix model by any integer 
number by the matrix T-duality (13.581) while the rank of -B-field can be changed only by an even 
number because it is supposed to be symplectic. Hence it is not obvious what kind of background can 
explain a noncommutative field theory with an odd number of adjoint Higgs fields. A plausible guess 
is that either the vacuum is described by a noncommutative space induced by a Poisson structure, e.g.. 
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of Lie algebra type, i.e., [X", X''] = if°-^^X^, or there is a 3-form C^^p which reduces to the 2-form 
B in Eg. (12. 161 ) by a circle compactification, so may be of M-theory origin. We will briefly discuss the 
Lie algebra case later but, unfortunately, we don't know much about how to construct a corresponding 
noncommutative field theory with the 3-form background. We leave it as a future problem. 

Some critical aspect of quantum geometry may be met with the following question. What is the 
emergent geometry derived from the noncommutative U{1) gauge theory (13.661) ? One may naively 
apply the map (|3.33l) to the noncommutative fields ^$^(|/), Da{y)J E Ag. The fields Da{y) have no 

problem because they are exactly the same as (13.11) . But the fields ^^{y) leads to a bizarre circum- 
stance. From the map (13.331) . we may intend to define 



z[<!>^{y)J{y)l = e^'^^dj{y) + --- 

" = " V>^''{y)dJ{y) + --- . (3.67) 



But we immediately get into trouble if we remember that the fields ^^(y) are purely fluctuations and 
so the 'fake' vector fields = V^"'{y)da are not invertible in general. For example, they tend to van- 
ish dX\y\ —7- oo. Recall that a Riemannian metric should be nondegenerate, i.e., invertible everywhere. 
This is not the case for V^. Therefore the fields ^^{y) is not yet available as a classical geometry 
although they could define a "bubbling quantum geometry". This notable difference between ^^{y) 
and Da{y) is due to the fact that Da{y) define fluctuations around the uniform vacuum condensation 
(13.221 ) while ^^{y) define pure fluctuations around "nothing", say, without any coherent condensation 
in vacuum. 

Therefore we get a very important picture from the above analysis. 

In order to describe a classical geometry from a background independent theory such as ( 13.591) . it 
is necessary to have a nontrivial vacuum defined by a "coherent" condensation of gauge fields, e.g., 
the vacuum defined by A3.22\l . 

Here the "coherent" means that a spacetime vacuum is defined by the Heisenberg algebra such as 
quantum harmonic oscillators like (11.171) . Its physical significance will be discussed later. 

Also note that a symplectic structure Bab = (^~^)ab is nowhere vanishing, which can be regarded 
as a field strength of noncommutative gauge fields aI^-* = (v4i°'')vac = —Baty^- In terms of physicist 
language, this means that there is an (inhomogeneous in general) condensation of gauge fields in 
vacuum, i.e., 

{Babix)Uc = e-,\x). (3.68) 

For a constant symplectic structure for simplicity, it will be suggestive to rewrite the covariant vectors 
in (13.11) as (actually to invoke a renowned Goldstone boson (p = {(p) + hj^ 

Da{y) = -{A^^^U, + My)- (3-69) 



^"in this respect, it would be interesting to quote a recent comment of A. Zee 163)1 : "The basic equation for the graviton 
field has the same form g^i, — r/^^ + h^i,. This naturally suggests that 7/^1/ = (Smi') ^^'^ perhaps some sort of spontaneous 
symmetry breaking." It turns out i3,^ that this pattern is not an accidental happening. 
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This naturally suggests some sort of spontaneous symmetry breaking [3J where are vacuum expec- 
tation values of Daiy), specifying the background (13.681) as usual, and A},{y) are fluctuating (dynam- 
ical) coordinates (fields). 

We thus arrived at another important point. 

The origin of spacetime symplectic or Poisson structure such as f li.<5D or A1.17\l is coming from the 
coherent condensation of gauge fields in vacuum. 

3.4 General noncommutative spacetime 

So far we have mostly considered noncommutative spaces defined by a canonical symplectic structure. 
Here we will explain how it is possible to generalize emergent gravity to a general noncommutative 
spacetime, for example, to the case with a nonconstant symplectic structure or a generic Poisson 
structure. General results are beyond our reach up to now. So we will be brief about this subject. 
Readers may skip this part and might attack the emergent gravity for a general noncommutative 
spacetime in the near future after more understanding about simple cases has been done. 

The question is how to generalize the emergent gravity picture to the case of a nontrivial vacuum, 
e.g., (13.681) . describing an inhomogeneous condensate of gauge fields. The Poisson structure 0"*(x) = 
(-|)"^(x) is nonconstant in this case, so the corresponding noncommutative field theory is defined by 
a nontrivial star-product 

[Y", Y%, = tQ''\Y) (3.70) 

where denote vacuum coordinates which are designed with the capital letters to distinguish them 
from for the constant vacuum (11.171) . The star product [/, ^]^' for /, ^ G can be perturbatively 
computed via the deformation quantization [IT2l. There are excellent earlier works [|64l especially 
relevant for the analysis of the DBI action as a generalized geometry though a concrete formulation 
of noncommutative field theories for a general noncommutative spacetime is still out of reach. 
We will mostly focus on the commutative limit so that 

= {f,9}e + --- (3.71) 

for f^'g^ Aq. Using the Poisson bracket (|3.71l) . we can similarly realize the Lie algebra homo- 
mophism C°°{M) TM : / i— )■ Xj between a Hamiltonian function / and the corresponding 
Hamiltonian vector field Xf. To be specific, for any given function / G C°^(M), we can always 
assign a Hamiltonian vector field Xf defined by Xf(g) = {g, /}e with some function g G C°°(M). 
Then the following Lie algebra homomophism holds 

^{f,g}e = -l^f^^g] (3-72) 

as long as the Jacobi identity for the Poisson bracket {/, g}eix) holds or, equivalently, the Schouten- 
Nijenhuis bracket (|3.93l) for the Poisson structure 0"^ vanishes. 
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As we discussed in (13.101) . there is a natural automorphism which acts on star-products fT^. 
In commutative limit where D{h) ^ 1, we can deduce the following relation from (13.101) 

{f,9}e = {f,g}e. (3.73) 
Let us explain what Eg. (13. 731) means. For / = Y"-{y) and g = Y^{y), Eg. (13.731) implies that 



whose statement is, of course, eguivalent to the Darboux transformation (12.71) . Also notice that 
Eg. (13. 731) defines diffeomorphisms between vector fields X'j:{g) = {g,f}e and Xf{g) = {g,f}e 
such that 

fiya 

K = (3-75) 

Indeed the automorphism (13.101) corresponds to a global statement that the two star-products involved 
are cohomologically eguivalent in the sense that they generate the same Hochschild cohomology [121. 

In order to understand the origin of the nontrivial star product (13.701) . let us look at the background 
independent action (13.591) . As we pointed out, a particular vacuum such as (|3.68l) should be defined by 
the theory itself as a solution of the eguations of motion (13.631) . Of course, there are infinitely many 
solutions. The constant background (13.641) is just one of them. So let us consider another background 

Using the property (|3.73l) . one can infer that the above background (13.761) gets eguivalent to (13.701) by 
the identification X" := Y" = y" + 9''''Ab{y) and Q^^y) = {9 - 9F{y)9Y\ If Fabiy) simply sat- 
isfy Eg. (13. 551 ) which provides a very ample class of solutions, the background (13.761) is a consistent 
solution of the theory (13.591) . For example, the vacuum (13.761 ) in four dimensions [n = 2) corre- 
sponds to the noncommutative instanton background. In this case the vacuum manifold determined 
by background gauge fields is a hyper- Kahler manifold. 

Therefore we may understand the nontrivial star product (13.701) results from an inhomogeneous 
condensation of gauge fields on the constant vacuum (13.641) . This observation can be applied to the 
identity (|2.14l) in a very interesting way. Let us decompose the nontrivial B-field in (|3.68l) as 

Babix) = {B + F{x))at (3.77) 

where Bab = (^^j^f, describes a constant background such as (11.171) while F{x) = dA(x) describes 
an inhomogeneous condensate of gauge fields. Then the left-hand side of Eg. (|2.14l) is of the form 
g + k{B + where T = dA with A{x) = A{x) + A{x). It should be completely conceivable that 
it can be mapped to a noncommutative gauge theory of the gauge field A{x) in the constant i?-field 
background according to the Seiberg-Witten eguivalence [fTOll . Let us denote the corresponding non- 
commutative gauge field as Aa = Aa + Aa. The only notable point is that the gauge field Aa contains 
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an inhomogeneous background part Aa. This situation is, of course, analogous to an instanton (or 
soliton) background in gauge theory, as we remarked before. 

So everything will go parallel with the constant case. We will consider a general situation in the 
context of the action (13.311) where background gauge fields are given by A^{z, y) as well as Ab{z, y) 
which also depend on the commutative coordinates z^. Let us introduce the following covariant 
coordinates 

X'^iz.y) = y^ + e'^'M^,y) = y'^ + e'''Mz,y) + e'^'M^,y) 

^ Y'^iz,y) + e'^'Mz,y) (3.78) 

where we identified the vacuum coordinates Y°- in (13.701 ) because we have to recover them after 
turning off the fluctuation Aa. Also introduce the covariant derivatives 

D,i{z,y) = df,-iA^,{z,y) = d^-iAf,{z,y) -iAf,{z,y) 

= D^iz,y)-iA^iz,y). (3.79) 

Then the covariant derivatives in (13.271 ) can be defined in exactly the same way 

DA = dA- tAAiz,y) = (5^, -tBabX'){z,y) (3.80) 

where Oa = {d^, —iBaby^)- Now the noncommutative fields Da in (|3.80l) can be mapped to vector 
fields using Eg. (13. 331) . 

Because the results in Section 3.2 can be applied to arbitrary noncommutative gauge fields in a 
constant i?-field, the same formulae can be applied to the present case with the understanding that 
the vector fields Va in (13.331 ) refer to total gauge fields including the inhomogeneous background. 
This means that the vector fields Va = \Ea € V(TM) reduce to Va = \Ea after turning off 
the fluctuations where Va is determined by the background (9^ — iA^{z, y), —iBabY^{z, y)) and A 
satisfies the relation 

\^ = u{V^^... ^Vd). (3.81) 

Therefore the /^-dimensional metric is precisely given by (13.391) with A" = A'^^dz^ and the metric for 
the background is given by 

ds'' = 7]abE^^E^ 

= X'tiabV^^V^ = >?r]ABV^V^ dX^^ ®dX^. (3.82) 

Here we have implicitly assumed that the background Va satisfies (|3.50l) and (13.511) . In four dimen- 
sions, for instance, we know that the metric (13.821 ) describes Ricci-flat four manifolds if Va satisfies 
the self-duality equation (12.661 ). 
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Now let us look at the picture of the right-hand side of Eq. (|2.14l) . After applying the Darboux 
transform (12.71 ) only for the symplectic structure (13.771) and leaving the fluctuations intact, the right- 
hand side becomes of the form Gab{y) + >^{Bab + dabiu)) where 

dabiy) = j^^Fo^pix) = daMy) - db'iiaiy) (3.83) 

and the metric Gab{y) is given by (12.111) . Note that in this picture the gauge fields 2la(l/) are regarded 
as fluctuations propagating in the background Gab{y) and Bab- Therefore it would be reasonable to 
interpret the right-hand side of Eq. (|2.14l) as a noncommutative gauge theory of the gauge field 
defined by the canonical noncommutative space (11.171) but in a curved space described by the metric 

Gabiy). 

Although the formulation of noncommutative field theory in a generic curved spacetime is still a 
challenging problem, there is no hard obstacle to formulate emergent gravity if one confines to the 
commutative limit. Because the inhomogeneous condensate of gauge fields in the vacuum (|3.77l) now 
appears as an explicit background metric, the metric (13.391 ) in this picture will be replaced by 



ds^ = hABE"^ ® E 



B 



= A^HabV^ = A^hABVfjV^ dX^ ® dX^ (3.84) 

where Hab is the metric in the space spanned by noncoordinate bases Va = AEa [|65|| . Because the 
metric (13.841) has the Riemannian volume form Ug = ^ —hE^ A ■ ■ • A E^ instead of (13.421) . the volume 
form V = A^'^^^^Ug in (|3.40|) will be given by 

ly = y^AV^ A • • ■ A 1/^. (3.85) 

So the function A in Eg. (13. 841) will be determined by the condition 

y/^A^ = u{Vir-- ,Vd). (3.86) 

Because the anholonomic basis V"^ in (|3.84l) will become flat when fluctuations are turned off, i.e., 
^ab = 0, the background metric in this picture is simply given by 

ds'^ = a\mn dX^ ® dX^ (3.87) 



where A^ = 1/ y/—h. 

As usual, the torsion free condition (12.801) for the metric (|3.84l) will be imposed to get the relation 
(|2.81l) where uabc = hsD^A^c ^i^d /abc = hcnfAB^ where the indices A, 5, ■ ■ ■ are raised and 
lowered using the metric Hab- Because Hab is not a flat metric, uja^ c i^i (|2.78l) or (12.791 ) will actually 
be the Levi-Civita connection in noncoordinate bases rather than a spin connection, but we will keep 
the notation for convenience. And the condition that the metric (13.841 ) is covariantly constant, i.e., 
Vc (hABE"^ (g) E^^ = 0, leads to the relation (651 

^ABC = 2 {EAhBC — EshcA + EchAB) + - {Iabc — Jbca + Jcab) ■ (3.88) 
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The curvature tensors have exactly the same form as (12.831) . All the calculation in Section 2.3 can be 
repeated in the same way even for this case although the details will be much more complicated and 
have not been performed so far. 

By comparing the two metrics, (13.821 ) and (13.871 ). we finally get the following relations Q 

hMN = VabVj^V^, a' = = (3.89) 

which is, of course, consistent with our earlier observation. 

One may wonder whether the emergent gravity for symplectic structures can smoothly taken over 
to the case where only a Poisson structure is available. It was shown in ll38l that emergent gravity 
can nicely be generalized to a Poisson manifold (M, vr). A Poisson manifold M is a differentiable 
manifold M equipped with a bivector field (not necessarily nondegenerate) vr = n^^'^d^ Ad^ E A^TM 
which defines an R-bilinear antisymmetric operation {■, -Itt : C°^(M) x C°^{M) — )■ C°°(M) by 

(/, g) ^ {/, 9h = df ® dg) = 7r>^%x)d^fix)dMx) (3.90) 
such that the bracket, called the Poisson bracket, satisfies 

1) Leibniz rule : {/, gh}^ = g{f, h}^ + {/, g}^h, (3.91) 

2) Jacobi identity : {/, {g, h}^}^ + {g, {h, f}^}^ + {h, {/, g}^}^ = 0, (3.92) 

h G C°°{M). Poisson manifolds appear as a natural generalization of symplectic manifolds 
where the Poisson structure reduces to a symplectic structure if vr is nongenerate 

One can show that the Jacobi identity (13.921 ) for the bracket {-, -j^ is equivalent to the condition 
that the Schouten-Nijenhuis bracket [1661 for the Poisson tensor vr vanishes, i.e., 

r ^ ^ f^x,^ + ^XudTc^ ^ ^Ap^^ A A A A A = 0. (3.93) 

V dx^ dx^ dx^ J dx'^ dx" dx^ 

Like the Darboux theorem in symplectic manifolds, the Poisson geometry also enjoys a similar prop- 
erty known as the splitting theorem proved by A. Weinstein [67]. The splitting theorem states that a 
d-dimensional Poisson manifold is locally equivalent to the product of R^" equipped with the canoni- 
cal symplectic structure with R"'^" equipped with a Poisson structure of rank zero at the origin. That 
is, the Poisson manifold (M, vr) is locally isomorphic (in a neighborhood of x G M) to the direct 
product S* X of a symplectic manifold (S, Yll=i d<t A dpi) with a Poisson manifold (A^^,, {-, 
whose Poisson tensor vanishes at x. 

A well-known example of Poisson manifold is four-sphere where no symplectic structure is avail- 
able. If M is a compact symplectic manifold, the second de Rham cohomology group H'^(M) 
is nontrivial and so the only n-sphere that admits a symplectic form is the 2-sphere. For exam- 
ple, let S"^ = {{u,v,t) G C X <C X R : jup + \v\^ = t{2 - t)}. Then the bivector field vr = 
uvdu Ady — uv*du A dy* — u*vdu* A dy + u*v*du* A d^* is a Poisson tensor, that is, [tt, 'n]sN = 0, and 
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TT A TT = 4|Mp|f p9„ Ady A du* A dy* . Therefore the Poisson tensor tt vanishes on a subspace of either 
M = or t> = and the Poisson structure becomes degenerate there. In this case, we have to rely on a 
Poisson structure rather than a symplectic structure to formulate emergent gravity [|38l . 

The Poisson tensor tt of a Poisson manifold M induces a bundle map tt" : T*M TM by 

A ^ vrtt(A) = n^^-{x)A,{x)-^ (3.94) 

for A = Af^{x)dx^ E T*M, which is called the anchor map of tt [|66ll . See also Section 6. The 
rank of the Poisson structure at a point x E M is defined as the rank of the anchor map at this 
point. If the rank equals the dimension of the manifold at each point, the Poisson structure reduces 
to a symplectic structure which is also called nondegenerate. The nondegenerate Poisson structure 
uniquely determines the symplectic structure defined by a 2-form to = ^C0i^i_„{x)dx^^ A dx" = n^^ and 
the condition (13.931 ) is equivalent to the statement that the 2-form u is closed, du = O.ln this case the 
anchor map tt^ : T*M — )■ TM is a bundle isomorphism as we discussed in Section 1. 

To define a Hamiltonian vector field 7i'^{df) of a smooth function / E C°°{M), what one really 
needs is a Poisson structure which reduces to a symplectic structure for the nondegenerate case. A 
Hamiltonian vector field Xf = —7i'^{df) for a smooth function / E C°°{M) is defined by the anchor 
map (13.941 ) as follows 

Xfig) = -(vr, df ® dg) = {g, /}. = ^"^(^)^^- (3-95) 

Given a smooth Poisson manifold (M, tt), the map / i— )■ Xf = —n'^{df) is a homomorphism [66J 
from the Lie algebra C°°(M) of smooth functions under the Poisson bracket to the Lie algebra of 
smooth vector fields under the Lie bracket. In other words, the Lie algebra homomorphism (|1.10l) is 
still true even for any Poisson manifold. 

As we just noticed, it is enough to have a Poisson structure to achieve the map C°°{M) — )• 
r(TM) : / H- Xf = —7r^{df) such as (11.91 ). As we discussed earlier, any Poisson manifold can 



be quantized via deformation quantization [|T2ll : 

= 7r^''(x) ^ = m7r'^''(x) (3.96) 

where we introduced a deformation parameter k of (length)^ and 7r'*^(a;) E An are so assumed to 
be dimensionless operators. Therefore, the anchor map (13.951 ) can be lifted to a noncommutative 
manifold as in (13.141) : 

vMx) = -t[D,{x)J{x)]~. (3.97) 

for any noncommutative field Da{x) E (dropping the hat in the coordinates x^ E A^ for simple 
notation). Then everything will go exactly parallel with the symplectic case if we define emergent 
quantum gravity from a gauge theory defined on the noncommutative space (13.961) with the general- 
ized vector fields in (13.971 ). It was studied in |[38l how a fuzzy Poisson manifold can be derived from 
a mass deformed matrix model, from which the picture of emergent gravity was checked. 
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4 Emergent Matters 



We have stressed that quantum gravity should be background independent where any kind of space- 
time structure is not assumed. It is only required to postulate morphisms between objects. An under- 
lying theory, for example, only has matrices (as objects) which are subject to some algebraic relations 
such as the Jacobi identity and the equations of motion (as morphisms). But we can derive a spacetime 
geometry from these algebraic relations between objects by mapping the matrix algebra to a Poisson 
or noncommutative ^ir-algebra Ag and then to a derivation algebra Der(^6i) of Ag. We observed that 
such an operator algebra, e.g., ^ir-algebra can be defined by noncommutative gauge fields and a smooth 
geometry emerges from them at a macroscopic world. Depending on the choice of an algebraic re- 
lation, we get a different geometry. In this scheme, the geometry is a derived concept defined by the 
algebra [[TT Il. In a deep noncommutative space, a smooth geometry is doomed, instead an algebra 
between objects becomes more fundamental. Ergo, the motto of emergent gravity is that an algebra 
defines a geometry. One has to specify an underlying algebra to talk about a corresponding geometry. 

As a recitation, the emergence of gravity necessarily requires the emergence of spacetime itself. 
If spacetime is emergent, then all fields supported on this spacetime must be emergent too. Somehow, 
matter fields and other non-Abelian gauge fields for weak and strong forces must be emergent together 
with spacetime. How is it possible ? How to define matter fields describing quarks and leptons in the 
context of emergent geometry ? 

We may start with a naive reasoning. First note that translations in noncommutative directions are 
an inner automorphism of the noncommutative 7»r-algebra Ag generated by the coordinates in (11.171) . 

^-ik-B,,y^ ^f{^y)^ ^ik'^B^.y^ ^ f^y ^ j^^ (4_ j ^ 

for any f{y) E Ag. The inner automorphism (14.11 ) is nontrivial only in the case of a noncommutative 
algebra that is, commutative algebras do not possess any inner automorphism. So every "points" 
in noncommutative space are indistinguishable, i.e., unitarily equivalent while every points in com- 
mutative space are distinguishable, i.e., unitarily inequivalent. As a result, one loses the meaning of 
"point" in noncommutative space. Hence the concept of "particle" becomes ambiguous too. So first 
we may address the question before matter fields: What is a particle in noncommutative spacetime ? 

When a space becomes noncommutative, there is a Hilbert space H associated with the space such 
as (11.181 ) and so a point or a particle may be replaced by a state in Ti. Then the most natural concept 
of a particle in noncommutative space may be a localized state in "H. But, because the Hilbert space 
His a complex vector space as usual, such a localized state will tend to be dissipative due to a linear 
superposition between nearby states. Therefore, the most natural and pertinent concept of a particle 
in noncommutative space may be a stable localized state in T-L. This means [|5]| that a particle may be 
realized as a topological object in the noncommutative t^t- algebra Ag. 

As illustrated by quantum mechanics, noncommutative algebras admit a much greater variety of 
algebraic and topological structures, compared to commutative ones. Likewise, when spacetime at 
fundamental level is replaced by a noncommutative algebra, algebraic and topological structures in 
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the noncommutative spacetime actually become extremely rich and coherent fTTl, which would, we 
guess, be responsible for emergent properties, e.g., diffeomorphisms, gauge symmetries and matter 
fields. 

This line of thought is our naive reasoning about how to realize a particle or matter field in non- 
commutative spacetime. We think this idea would direct to a reasonable track but an involved math 
often blocks up the road with homology, cohomology, homotopy, module, category, K-theory, etc. 
Thereby we will try to get more insights from physics. 



4.1 Feynman's view on electrodynamics 

In a very charming paper [|42l . Dyson explains the Feynman's view about the electrodynamics of a 
charged particle. Feynman starts with an assumption that a particle exists with position and velocity 
Xi satisfying commutation relations 

[x\x^] = 0, m[x\xk] = ih6i. (4.2) 

Then he asks a question: What is the most general form of forces appearing in the Newton's equation 
mxi = Fi{x, X, t) consistent with the commutation relation (14.21) ? Remarkably he ends up with the 
electromagnetic force 

m^ = e(E + vxB). (4.3) 

at ^ 

In a sense, the Feynman's result is a no-go theorem for the consistent interaction of particles in 
quantum mechanics. It turns out that the conditions (14.21) are restrictive enough such that only the 
electromagnetic force (|4.3I) is compatible with them. 

We here reproduce his argument with a puny refinement. We will start with the Feynman's as- 
sumption together with the Hamilton's equation 

where / = f{x,p,t), H = H{x,p,t) G An and p). But we will not assume the Newton's 

equation mxi = Fi{x, x, t). To be precise, we replaced the Newton's equation by (14.41) . i.e., 

m-j^ = —[H, Xi] = Fi (x, p, t) . (4.5) 
First consider the following commutator 

[H,[x\xk]] = [x\[H,Xk]]-[xk,[H,x']] 

= -^nf]_[a:\Fk] + [xi,Xk]) = 0. (4.6) 
The Jacobi identity [x', [xj, x^]] + [xj, [x^, a;']] + [xfc, [x', Xj]] = [x', [xj, x^]] = with (14.61) implies 

[x',[x\Fk]] = 0. (4.7) 
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Equation (14.61) also implies [x*, Fk] + [x^, Fi] = and so we may write 

[x\Fk] = --e'''Bi. (4.8) 
m 

Equation (14.81) is the definition of the field Bi = Bi{x, p, t) G A^- But Eq. (|4.7| ) says 

[x\B^]=Q, (4.9) 

which means that Bm is a function of x and t only, i.e., Bm = Bm{x, t). Then we can solve Eq. (|4.8|) 
with 

F,{x,p,t) = Ei{x,t) + e'^\xkBi{x,t)), (4.10) 

where Ei{x, t) E An is an arbitrary function which also depends x and t only and the symbol (■ ■ ■ ) 
denotes the Weyl- ordering, i.e., the complete symmetrization of operator products. 
Combining (|431) and (|481) leads to 

2 

Bi = -^e''^[x,,xu]. (4.11) 

Another Jacobi identity e^^''[xi, [xj,Xk]] = then implies 

ih I dBj \ 

i^"«-i = -™(i7) = °- <^-'2> 

Take the total derivative of Eq. (14. Ill) with respect to time. This gives 
. dBi\ dBi 



- e^'''[xi,Ek] - [xi,xi]Bi- xi[xi,Bi] + {xi[x^,Bi]) 



im 

T 

= + -s^'^'BiBk + Ixi — 

\ dx^ I m * \ * 9a;* 

From Eq. (l4.13l) . we finally get 

f 

We arrived at the force (14.101) (by the definition (14.51) ) where the fields Ei{x, t) and Bi{x, t) should 
satisfy (14.121) and (14.141) . We immediately recognize that they are electromagnetic fields. Therefore 
we get a remarkable result ll42l that the Lorentz force (14.31) is only a consistent interaction with a 
quantum particle satisfying the commutation relations (14.21 ). Remember that we have only assumed 
the commutation relation (14.21 ) and only used the Hamilton's equation (14.41 ) and the Jacobi identity to 
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find a consistent interaction of quantum particles. But we could get the electromagnetic force (14.31) 
only. What a so surprising (at least to us) ! 

But the Feynman's observation raises a curious question. We know that, beside the electromag- 
netic force, there exist other interactions, weak and strong forces, in Nature. Thus the question is how 
to incorporate the weak and strong forces together into the Feynman's scheme. Because he started 
only with very natural axioms, there seems to be no room to relax his postulates to include the weak 
and strong forces except introducing extra dimensions. Surprisingly it works with extra dimensions ! 

Consider a particle motion defined on R'^ x F with an internal space F whose coordinates are 
{x* : i = 1, 2, 3} G and {Q^ : / = 1, ■ ■ ■ , — 1} G F. The dynamics of the particle carrying an 
internal charge in F ||43ll44l is defined by a symplectic structure on T*R^ x F whose commutative 
relations are given by 

[x\x''] = 0, m[x\xk] = ih6i, (4.15) 
[Q',Q']=thf\Q'', (4.16) 
[x\Q'] = 0. (4.17) 

Note that the internal space F is a Poisson manifold (F, vr) whose Poisson structure is given by 
7r = |7r"9/ Adj = lf\Q^di A dj and defines the SU{n) Lie algebra (I4l6l) . That is, by (13:93]) . 

[tt, 7r]5^ = ^ /'""l/^'m + /""'l/^^/ + /"l/^^'m = 0. (4.18) 

And the internal coordinates are assumed to obey the Wong's equation ||68l 

Q' + fjj,Ai{x,t)Q''x, = 0. (4.19) 

The Wong's equation just says that the internal charge is parallel-transported along the trajectory 
of a particle under the influence of the non-Abelian gauge field A^. 

The geometrical meaning of the Wong's equation (14.191) can be seen as follows. Taking the total 
derivative of (14.171) with respect to time gives 

[xi,Q'] = -[x\Q'] = -fjj,Ai{x,t)Q^. (4.20) 

This property can be used to show the formula for any field </)(x, t) = (p\x, t)Q^ G An x Q: 

[xi,<p\x,t)Q^] = [x^,(l)\x,t)]Q^ + (l)\x,t)[xi,Q^] 

ih 



m 



= --{d4-l[AA])^--D4- (4.21) 

m h m 

Recalling that Pi = mxi + Ai{x,t) are translation generators along R'^, we see the geometrical 
meaning of the Wong's equation (|4.19l) stated above. 
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Now repeat the Feynman's question: What is the most general interaction of a quantum parti- 
cle carrying an internal charge satisfying (14.191) and the commutation relations (|4.15l )- (|4.17| ) ? The 
calculation follows almost the same line [|43l as the electromagnetic force except that the fields 
Ei{x, t) = El {x, t)Q^ E Ariy< G and Bi{x, t) = El (x, t)Q^ E An^ Q now carry internal charges in 
the Lie algebra Q and so the Wong's equation (14.191) has to be taken into account. We will not echo 
the derivation because it is almost straightforward with a careful Weyl-ordering. It may be a good 
exercise for graduate students. 

The resulting force exerted on a quantum particle moving in R'^ x F is the generalized non-Abelian 
Lorentz force l|43l 

F, = E, + e'^'xkBi (4.22) 
where the fields Ei{x, t) = El (x, t)Q^ and Bi{x, t) = 5/ (x, t)Q^ satisfy 

diB, - -[A,, 5,] = 0, ^ + (dkEi - -[Afc, El]) = 0. (4.23) 

The equations (14.231) . of course, can be summarized with the Lorentz covariant form (in the temporal 
gauge, Aq = 0) 

e'^^p'^D^F^^ = (4.24) 
and the Bianchi identity (14.241) can be solved by introducing non-Abelian gauge fields A^ such that 

F^, = d^A, - d,A^ - ^[A^, A,]. (4.25) 
One can check the expression (|4.25l) using the Jacobi identity 

[Q^, [x„ Xk]] + [x^, [xk, Q^]] + [xk, [Q^, Xi]] = (4.26) 
together with (14.111) where Bi = BfQ^ and (14.201) . i.e., one can get 

e^'^Bl = d,Ai - dkAl + fjKAiA^. (4.27) 

4.2 Symplectic geometry again 

The previous Feynman's argument clearly exposes us that the fundamental interactions such as elec- 
tromagnetic, weak and strong forces can be understood as a symplectic or Poisson geometry of parti- 
cle phase space. Feynman starts with a very natural assumption about the Poisson structure of a parti- 
cle interacting with external forces. In the case of free particle, Eq. (l4.1l) is the well-know Heisenberg 
algebra; [x*, x'^] = 0, [x\pfc] = ih5\. (Note that Feynman and Dyson intentionally use mxj instead 
of Pi.) If some external fields are turned on, then the particle velocity mxj is no longer equal to pi but 
is shifted by pi — Ai where Ai are arbitrary external fields. And we easily see that, if the external fields 
Ai depend only on x and t, i.e., A^ = Ai{x, t), and satisfy the Wong's equation (14.191) in non-Abelian 
cases (to preserve the localizability (14.171 )), the commutation relations (14.11 ) remain intact. But it is 
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not the whole story. We have repeatedly used the Jacobi identity of the algebra An or Ah x Q, which is 
originally coming from the Poisson algebra (11.41 ) of particle phase space P or P x F. Recall that the 
Jacobi identity of Poisson bracket is not automatically guaranteed. The Schouten-Nijenhuis bracket 
for the Poisson tensor should vanish ||66l . See Eg. (13.931) . Therefore the external fields Ai cannot be 
completely arbitrary. They should not ruin the underlying Poisson structure. We know that, if the 
Poisson structure is nondegenerate, this condition is equivalent to the statement that the symplectic 
2-form uniquely determined by the Poisson structure must be closed. See the paragraph in (13.941) . 
This is precisely the condition for gauge fields Feynman found. In gauge theory we call it the Bianchi 
identity, e.g., dF = or DF = 0, i.e., (I4l2l) . (I04l) and (ICTl) . 

There is an another beautiful observation ||45l (orginally due to Jean-Marie Souriau) realizing 
the Feynman's idea. Let (P, tu) be a symplectic manifold. One can properly choose local canonical 
coordinates y"" = (x^,pi, - ■ ■ , x''^,Pn) in P such that the symplectic structure to can be written in the 
form 

n 

uj = '^dx' A dpi. (4.28) 

i=l 

Then u e f\ T*P can be thought as a bundle map oj : TP T*P. Because cu is nondegenerate at 
any point y E P,we can invert this map to obtain the map r] = tu^^ : T*P — )• TP. This cosymplectic 
structure ^ = ^ A ^ G /\^ TP is called the Poisson structure of P which defines a Poisson bracket 
{■, ■}fi- See Section 3.4. In a local chart with coordinates y"", we have 



a,fe=l 



Let : P — )► R be a smooth function on a Poisson manifold (P, i]). The vector field Xh defined 
by Lx„(^ = dH is called the Hamiltonian vector field with the energy function H. We define a 
dynamical flow by the differential equation |[6l 

| = X„(/) + f = + ,4.30) 

A solution of the above equation is a function / such that for any path 7 : [0, 1] — > M we have 

M.{,.HW,W) + ^. (4.31) 

The dynamics of a charged particle in an external static magnetic field is described by the Hamil- 
tonian 

H = ^{p-eAY (4.32) 

2 

which is obtained by the free Hamiltonian Hq = ^ with the replacement 

p ^ p - eA. (4.33) 
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Here the electric charge of an electron is qe = —e and e is a coupling constant identified with gvM- 
The symplectic structure (14.281 ) leads to the Hamiltonian vector field given by 

^ _dH__^_m_d_ ^^^^^ 

dpi dx'- dx^ dpi 

Then the Hamilton's equation (14.301) reduces to the well-known Lorentz force law 

= ev X B. (4.35) 

at 

An interesting observation [|45|| (orginally due to Jean-Marie Souriau) is that the Lorentz force 
law (14.351) can be derived by keeping the Hamiltonian H = Hq but instead shifting the symplectic 
structure 

cu ^cu' = uj-eB (4.36) 

where B = ^Bik(x)dx^ A dx''. In this case the Hamiltonian vector field defined by l-Xh^' = ^Hq 
is given by 

= ^ A _ _ eB,,^] — (4 37) 
dpi dx^ \ dx^ * dpk / dpi 

Then one can easily check that the Hamilton's equation (14.301) with the vector field (14.371) reproduces 
the Lorentz force law (14.351) . Actually one can show that the symplectic structure co' in Eq. (l4.36l) intro- 
duces a noncommutative phase space Q such that the momentum space becomes noncommutative, 
i.e., [p'i,p'j] = -iheBij. 

If a particle is interacting with electromagnetic fields, the influence of the magnetic field B = dA 
is described by the 'minimal coupling' (14.331 ) and the new momenta p' = — i/i(V — i| A) are covariant 
under U{1) gauge transformations. Let us point out that the minimal coupling (|4.33l) can be under- 
stood as the Darboux transformation (|2.7I) between cu and cu'. Consider the coordinate transformation 
ya ^ ^af^y^ ^ {X\Pi,--- ,X'',Pn){x,p) such that 

n n n 

dx' Adpi = J2 dX' A rfPi - ^ ^ Bij{X)dX' A dX^ (4.38) 

1=1 i=l *ii=l 

but the Hamiltonian is unchanged, i.e., Hq = The condition (14.381) is equivalent to the following 
equations 

FIt^ fin, fin, 

= —eBjk, 

(4.39) 



(9x* dpi 


dx' dpi 


dX^ dX^ 


dX'' dXi 


(9x* dpi 


dx' dpi 


dXi dPk 


dPj dX^" 


dx'' dpi 


dx' dpi 


dPj dPk 


dPk dPj 



The above equations are solved by 

x' = X\ pi = Pi + eAi{X). (4.40) 
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In summary the dynamics of a charged particle in an electromagnetic field has two equivalent 
descriptions [5J: 

(g= = (^o = |^'^' = ^-^^)(^'^)- (4.41) 

The equivalence (14.411) can easily be generalized to a time-dependent background = (A^, A) (x, t) 
with the Hamiltonian H = 2^ (p — eA) ^ + eA^. The Hamilton's equation (|4.30l) in this case is given 
by (14.31) . The equivalence (14.411) now means that the Lorentz force law (14.31) can be obtained by the 
Hamiltonian vector field (14.371) with the Hamiltonian Hq = ^ + eA^ by noticing that the time depen- 
dence of the external fields now appears as the explicit t-dependence of momenta pi = Pi{t). Indeed 
the electric field E appears as the combination E = — Vv4° + But note that the coordinates 
{x\pi) in Eq. (l4.37l) correspond to {X\ Pi) in the notation (14.381) and so ^ = -e^ by Eq. (l4.40l) . 

The Feynman's approach transparently showed that the electromagnetism is an inevitable struc- 
ture in quantum particle dynamics and we need an internal space (extra dimensions) to introduce 
non-Abelian forces. Furthermore, as emphasized by Dyson [.42 J . the Feynman's formulation also 
shows that nonrelativistic Newtonian mechanics and relativistic Maxwell's equations are coexisting 
peacefully. This is due to the underlying symplectic geometry as Souriau and Sternberg [|45l show. 
We know that the Lorentz force (14.31) is generated by the minimal coupling — )■ = p^ — eA^ 
and the minimal coupling can be encoded into the deformation of symplectic structure, which can be 
summarized as the relativistic form |[69l: cu = —d^ to' = co — eF = —d(^^ + eA) where ^ = ^^dx'^ 
and A = A^{x)dx^. Therefore the Maxwell equation dF = is simply interpreted as the closedness 
of the symplectic structure and the minimal coupling is the Darboux transformation (|2.7I) for the de- 
formed symplectic structure co' = u — eF, as was shown in (14.381) . In this symplectic formulation 
of particle dynamics, the gauge symmetry defined hy A A + d\ is actually symplectomorphisms, 
i.e., diffeomorphisms generated by Hamiltonian vector fields Xx satisfying Cx^(^ = 0. In this sense, 
the gauge symmetry is derived from the symplectic or Poisson geometry and so one may regard the 
underlying symplectic or Poisson structure as a more fundamental structure of particle dynamics. 
Also one may notice a great similarity between the symplectic geometries of particles and spacetime 
geometry (gravity). 

A symplectic formulation of the equations of motion of a particle was generalized to a Yang-Mills 
field by Sternberg in [i45il and Weinstein in [|70l . Let n : P M he a principal G-bundle. And 
let F be a Hamiltonian G-space, this means that F is a symplectic manifold with symplectic form ^7 
that G acts on F as a group of symplectic diffeomorphisms, so that there is a homomorphism of the 
Lie algebra g of G into the algebra of Hamiltonian vector fields, and that we are given a lifting of 
this homomorphism to a homomorphism of g into the Lie algebra of functions on F where the Lie 
algebra structure is given by Poisson bracket. Thus, to each ^ G g we get a function on F and a 
Hamiltonian vector field on F so that l^^Q = —df^. 

Let E C T*M X P be the pull-back of P by the canonical projection tt : T*M M, i.e. the 
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following diagram commutes 



Pr2 

E ^ P 



Pri 



T*M 



M 



Sternberg shows P3II how a connection on P can be used to put a symplectic structure on the asso- 
ciated bundle E Xq F — )■ T*M with fibre F. Given a Hamiltonian function H : T*M — )■ R, one 
may pull it back to Xq F and thereby obtain a Hamiltonian flow which represents the motion of 
a classical particle under the influence of the field for which the given connection is a Yang-Mills 
field. That is, every connection on a principal bundle P induces a Poisson structure on the associated 
bundle E Xq F. The resulting symplectic mechanics of a particle in a Yang-Mills field is actually 
equivalent to the Feynman's approach in Section 4.1. More details in terms of local formula will be 
discussed elsewhere. 



4.3 Emergent matters from stable geometries 

Now let us pose our original problem about what matter is in emergent geometry. We speculated that 
particles or matter fields may be realized as a topological object in a noncommutative ^ir-algebra Ag 
and thus a stable localized state in a Hilbert space H, e.g., the Fock space (11.181) . If so, we may assign 
the concept of positions and velocities (as collective variables) to these localized states such that they 
satisfy some well-defined (quantum) Poisson algebra, e.g., (I4.15I) - (I4.17I) . which are inherited from 
the original noncommutative ^-algebra Aq. Here we will suggest a plausible picture based on the 
Fermi-surface scenario in 1171117211 . But we will not insist on our proposal. 

Particles are by definition characterized by their positions and momenta besides their intrinsic 
charges, e.g., spin, isospin and an electric charge. They should be replaced by a matter field in 
relativistic quantum theory in order to incorporate pair creations and pair annihilations. Moreover, 
in a noncommutative space such as (|1.17l) . the very notion of a point is replaced by a state in the 
Hilbert space (11.181) and thus the concept of particles (and matter fields too) becomes ambiguous. So 
the following question should be meaningful and addressed: What is the most natural notion of a 
particle or a corresponding matter field in the noncommutative 7»r-algebra (11.191 ) ? We suggested in [|5J 
it should be a K-theory object in the sense of [|7T| . 

We will consider the U (N) Yang-Mills theory described by the action (13.211 ) defined on a d- 
dimensional Minkowski spacetime R^. As we explained in Section 3.3, the theory (13.211 ) can be 
related to both U{N) Yang-Mills theories and noncommutative U{1) gauge theories in various di- 
mensions and different i?-field backgrounds by applying the matrix T-duality (13.581) and the corre- 
spondence (11.221) . Thereby we will assume that the U (N) Yang-Mills theory (13.211) has been obtained 
from the BFSS matrix model (13.601) by the (d — l)-fold matrix T-duality (13.581) . In particular, it will 
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be important to remember that the U{N oo) gauge theory (|3.21l) in the Moyal background (|3.22l) 
can be mapped to the D = d + 2n-dimensional noncommutative U{1) gauge theory (I3.31I ). 

Motivated by this fact, we will specify our problem as follows. We want to classify a stable class 
of "time-independent solutions" in the action (13.311 ) satisfying the asymptotic boundary condition 
(13.221) . For such kind of solutions, we may simply forget about time and work in the temporal gauge, 
Aq = 0. Therefore we will consider the U{N) gauge-Higgs system (A, $'^)(x) as the map from 
to GL{N, C) where p = d — 1 and = {t, x). As long as we require the fields in the theory to 
approach the common limit (13.221) (which does not depend on x) as x — i- oo in any direction, we can 
think of as having the topology of a sphere = R^ U {cxo}, with the point at infinity included as 
an ordinary point. 

Note that the matrices $°(x) (a = 1, ■ ■ ■ ,2n) are nondegenerate along because we have 
assumed (13.221 ). Therefore defines a well-defined map [jTTI 

•l*"^ : ^ ^^(A^, C) (4.42) 

from to the group of nondegenerate complex N x N matrices. If this map represents a nontriv- 
ial class in the pth homotopy group np(GL(N, <C)), the solution (14.421 ) will be stable under small 
perturbations, and the corresponding nontrivial element of Tip{GL(N, C)) represents a topological 
invariant. Note that the map (14.421 ) is contractible to the group of maps from to U{N) [|48l . 

If we think of GL{N, C) as an endomorphism from <C^ to itself, is already big enough to 
embed into it if > p/2. This leads to a remarkable point that there is the so-called stable regime 
dXN > p/2 where np(GL{N, <C)) is independent of N. In this stable regime, the homotopy groups of 
GL{N, C) or U (N) define a generalized cohomology theory, known as K-theory |l46l|47l|48l|49l|. In 
K-theory which also involves vector bundles and gauge fields, any smooth manifold X is assigned an 
Abelian group K(X). Aside from a deep relation to D-brane charges and RR fields in string theory 
||47l |48ll , the K-theory is also deeply connected with the theory of Dirac operators, index theorem, 
Riemannian geometry, noncommutative geometry, etc. IfTTI . 

The matrix action (13.211) describes a U{N ^ oo) vector (Chan-Paton) bundle supported on R^. 
The homotopy map (14.421) is to classify stable solutions of the U{N) Chan-Paton bundle that cannot 
be dissipated by small perturbations. But the topological classification should be defined up to pair 
creations and pair annihilations because there is no way to suppress such quantum effects. This is the 
reason [|48l |49l why K(X) is the right answer to classify the topological class of excitations in the 
U (N) gauge-Higgs system. For X noncompact, K(X) is to be interpreted as compact K-theory [46J. 
For example, for X = M^, this group is given by 

i^(R'^) = 7r,_i(GL(iV, O) (4.43) 

with N in the stable regime. The corresponding groups are known to exhibit the Bott periodicity such 
that K{Ii'^) = Z for even d and K{Ii'^) = for odd d. 

With the above understanding, let us find an explicit construction of a topologically non-trivial 
excitation. It is well-known [149;1 that this can be done using an elegant construction due to Atiyah, Bott 
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and Shapiro (ABS) [50J. The construction uses the gamma matrices of the Lorentz group SO{p, 1) 
for X = to construct explicit generators of the K-theory group in (14.431) where p = d — 1. Let X 
be even dimensional so that K{X) = Z and S± be two irreducible spinor representations of Spin(d) 
Lorentz group and p^ = (uj,p), fx = 0,1, ■ ■ ■ ,p, be the momenta along X. We define the gamma 
matrices : S+ S- of SO{p, 1) to satisfy {r^,r''} = 2?7^''. Also we introduce an operator 
V -.nx S+^nx such that 

V = r% + ■ ■ ■ (4.44) 

which is regarded as a linear operator acting on a Hilbert space V. as well as the spinor vector space 
S±. Here the Hilbert space "H is possibly much smaller than the Fock space (11.181) . because the Dirac 
operator (14.441) acts on collective (coarse-grained) modes of the solution (14.421) . 

The ABS construction implies [|7Tl|72l that the Dirac operator (14.441 ) is a generator of TTp{U (N)) 
as a nontrivial topology in momentum space (p, tu) and acts on low lying excitations near the vacuum 
(13.221 ) which carry K-theory charges and so are stable. Such modes are described by coarse-grained 
fermions x^i^i Pj ^) with 6 denoting possible collective coordinates of the solution (14.421 ) [TTTI . The 
ABS construction determines the range of the index A carried by the coarse-grained fermions 
to be = 2[p/^]?2 < A^ complex components. The precise form of the fermion depends on its 
K-theory charge whose explicit representation onH x S± will be determined later. The Feynman's 
approach Il42l in Section 4.1 will provide a clear-cut picture to see what the multiplicity n means. At 
low energies, the dispersion relation of the fermion x^ is given by the relativistic Dirac equation 

ir^S^X + ■ ■ ■ = (4.45) 

with possible gauge interactions and higher order corrections in higher energies. Thus we get a spinor 
of the Lorentz group SO{p, 1) from the ABS construction as a topological solution in momentum 
space [ITTII . For example, in four dimensions, i.e., p = ?>, x^ h^s two complex components when 
n = 1 and so it describes a chiral Weyl fermion. 

Although the emergence of {p + 1) -dimensional spinors is just a consequence due to the fact 
that the ABS construction uses the Clifford algebra to construct explicit generators of 'Kp{U{N)), its 
physical origin is mysterious and difficult to understand. But we believe that the coherent spactime 
vacuum (11.171 ) would be the crux for the origin of the fermionic nature of particles and the mysterious 
connection between the Clifford module and K-theory [[50ll . It should be an important future problem 
to clearly understand this issue. 

Now let us address the problem to determine the multiplicity n of the coarse-grained fermions 
where we decomposed the index A = (aa) with a the spinor index of the SO{d) Lorentz group and 
a = 1, ■ ■ ■ , n an internal index of an n-dimensional representation of some compact symmetry G. In 
order to understand this problem, we will identify the noncommutative ^^r- algebra Ae with GL{N, C) 
using the relation (11.221 ). Under this correspondence, the U{N — )■ oo) gauge theory (13.211 ) in the 
Moyal background (13.221 ) can be mapped to the D-dimensional noncommutative U{1) gauge theory 
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(|3.31l) defined on x R^,^ where D = d + 2n. Then the K- theory (14.431) for any sufficiently large 
can be identified with the K-theory K{Ag) for the noncommutative 7»r-algebra Ag \ASL 

As we showed in Section 3.2, a generic fluctuation in Eg. (13. 331) will deform the background space- 
time lattice defined by the Fock space (11.181) and it generates gravitational fields given by the metric 
(13.391) . For simplicity, we will consider low energy excitations around the solution (|4.42l) whose 
K-theory class is given by K^Ae). But the solution (14.421) would be a sufficiently localized state de- 
scribed by a compact (bounded self-adjoint) operator in Ag. This means that it does not appreciably 
disturb the ambient gravitational field. Therefore we may reduce the problem to a quantum particle 
dynamics on X x F [5 ] where X = R^ and F is an internal space describing collective modes of the 
solution (14.421 ). It is natural to identify the coordinate of F with an internal charge of G carried by 
the fermion To be specific, the (collective) coordinates of F will take values in the Lie algebra 
of G such as the isospins or colors and will be denoted hy (/ = 1, ■ ■ ■ , — 1). In the end we 
essentially revisit the Feynman's problem we addressed in Section 4.1. 

The quantum particle dynamics on X x F naturally requires to introduce non-Abelian gauge fields 
in the representation of the Lie algebra (|4.16l) . And the dynamics of the particle carrying an internal 
charge in F will be defined by a symplectic structure on T*X x F. Note that R^^^ already has its 
symplectic structure B = ^Babdy'^ A dy^ which is the precursor of the noncommutative space (13.241) . 
Also note that the action (13.311) has only U{1) gauge fields on R^ x R^,^. So the problem is how 
to get the Lie algebra generators in Eq. (l4.16l) from the space R^c* how to get the non-Abelian 
gauge fields Ajj^{z) E QonX from the U{1) gauge fields on R^ x R^,^. Here it is enough to consider 
the transverse gauge fields Aj^{z) only as low lying excitations because the solution (14.421) is actually 
coming from the longitudinal gauge field Aa{z, y) in (13.271) . 

The problem is solved [jSj by noting that the n-dimensional harmonic oscillator in quantum me- 
chanics can realize SU{n) symmetries (see the Chapter 14 in [,73,1 ). The generators of the SU (n) 
symmetry on the Fock space (11.181 ) are given by 

Q' = ajriak (4.46) 

where the creation and annihilation operators are given by Eq. (ll.l7l) and T^'s are constant n x n 
matrices satisfying [T^,T'^] = if^'^j^T^ with the same structure constants as (I4.16|) . It is easy to 
check that the Q^'s satisfy the SU (n) Lie algebra (14.161) . We introduce the number operator = a\ai 
and identify with a t/(l) generator. The operator €. = Q^Q^ is the quadratic Casimir operator of 
the SU (n) Lie algebra and commutes with all Q^'s. Thus one may identify <t with an additional U (1) 
generator. 

Let p{'H) be a representation of the Lie algebra (14.161) in a Hilbert space Ti. We take an n- 
dimensional representation in "H = L^(<C"), a square integrable Hilbert space. Since the solution 
(14.421) is described by a compact operator in Ag, its representation space H = C") will be much 
smaller (with finite basis in generic cases) than the original Fock space (11.181) . So let us expand the 



62 



f/(l) gauge field ^^(2, y) in Eq. dCTl) with the Sf/(n) basis (l446l) 



= A^(z) + 4(^,p,Ai)g^ + 4^(z,p,A2)QV + --- (4.47) 

where p and A„ are eigenvalues of (5° and respectively, in the representation p('H). The expansion 
(14.471) is formal but it is assumed that each term in Eq. (l4.47l) belongs to the irreducible representation 
of p('H). Through the expansion (14.471) . we get SU{n) gauge fields A^^{z) as well as U{\) gauge 
fields A^{z) as low lying excitations |51. 

Note that the coarse-grained fermion x in Eg. (14. 451 ) behaves as a stable relativistic particle in the 
spacetime X = R^. When these fermionic excitations are given, there will also be bosonic excitations 
arising from changing the position in X of the internal charge F. According to the Feynman's picture, 
especially the Wong's equation (14.191 ). the gauge fields in Eg. (14. 471) represent collective modes for the 
position change in X = of the charge F fi72il . See Eg. (14. 211) for the geometrical interpretation 
of the Wong's eguation (14.191 ). Thus they can be regarded as collective modes in the vicinity of an 
internal charge living in F and interact with the fermions in Eg. (|4.45l) . 

Therefore we think of the Dirac operator (14.441 ) as an operator V : x ^ x S_ where 
H = <C") and introduce a minimal coupling with the U (1) and SU (n) gauge fields in Eg. (14.471) 
by the replacement — ^ P/x — — Aj^^Q^. Then the Dirac eguation (14.451) becomes 

iT^id^ - leA^ - %AlQ')x + ■ ■ ■ = 0. (4.48) 

Here we see that the coarse-grained fermion x i^i the homotopy class TTp(U{N)) is in the fundamental 
representation of SU{n). So we identify the multiplicity n in the ABS construction (14.451) with the 
number of colors in SU (n) [5J. 

The most interesting case in (13.311) is of (i = 4 and n = 3, that is, 10-dimensional noncommutative 
U{1) gauge theory on R^ x R^^". In this case Eg. (14. 481) is the 4-dimensional Dirac eguation where 
X is a guark, an SU (3) multiplet of chiral Weyl fermions, which couples with gluons Ajj^{z), SU (3) 
gauge fields for the color charge Q^, as well as photons A^{z), f/(l) gauge fields for the electric 
charge e. One may consider a similar ABS construction in the vector space x <C C C'^, i.e., by 
breaking the SU (3) symmetry into SU (2) x f/(l) where x would be a lepton, an SU (2) doublet of 
chiral Weyl fermions coupling with SU{2) gauge fields. In this case (/ = 1, 2, 3) in Eg. (14.461) are 
the famous Schwinger representation of SU (2) Lie algebra. 

To conclude, we may go back to our starting point. Our starting point was the d-dimensional U{N) 
Yang-Mills theory defined by the action (13.211) or eguivalently /^-dimensional noncommutative U (1) 
gauge theory defined by the action (13.311) . We observed that the theory (13.211) allows topologically 
stable solutions as long as the homotopy group (14.421) is nontrivial. And we argued that a matter field 
such as leptons and guarks simply arises from such a stable solution and non-Abelian gauge fields 
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correspond to collective zero-modes of the stable localized solution. Although we intended to inter- 
pret such excitations as particles and gauge fields and ignored their gravitational effects, we have to 
remind that these are originally a part of spacetime geometry according to the map (|3.33l) . Conse- 
quently we get a remarkable picture, if any, that matter fields such as leptons and quarks simply arise 
as a stable localized geometry, which is a topological object in the defining algebra (noncommutative 
^-algebra) of quantum gravity. 



5 Anatomy of Spacetime 

It is in order to discuss the most beautiful aspects of emergent gravity. Remarkably the emergent 
gravity reveals a noble picture about the origin of spacetime, dubbed as emergent spacetime, which 
is radically different from any previous physical theory all of which describe what happens in a given 
spacetime. So we may take it for granted that emergent gravity leads to many radically different 
results from Einstein gravity. 



5.1 Emergent time in emergent gravity 

We have intentionally postponed to pose the formidable issue how "Time" emerges together with 
spaces and how it is entangled with the space to unfold into a single entity - spacetime and to take the 
shape of Lorentz covariance. Now we are ready to address this formidable issue. 

Let (Af, 7r) be a Poisson manifold. We previously defined the anchor map vr'' : T*M TM in 
(13.941 ) for a general Poisson bivector n E /\^ TM and the Hamiltonian vector field (13.951 ) by 

flFf f) 

Xh ^ -AdH) = {■,H}. = --W^^, (5.1) 

where H : M — )► R is a smooth function on the Poisson manifold (M, tt). If the Poisson tensor 
TT is nondegenerate so that tt^^ = w G is a symplectic structure on M, the anchor map 

TT^ : T*M — 7- TM defines a bundle isomorphism because vr^ is nondegenerate everywhere. We will 
speak of the flow (pt of a vector field X on M when referring to 1 -parameter group of diffeomorphisms 
M -> M generated by X. 

Any Poisson manifold (M, tt) always admits a Hamiltonian dynamical system on M defined by a 
Hamiltonian vector field Xh and it is described by 

|.X„(/) + f ^{/.i/}, + f (5.2) 
for any / G (7°^(R x M). If 0^ is a flow generated by a Hamiltonian vector field Xh, the following 
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identity holds M 



df 
dt 
df 



({/,iJK + ^)o0,. (5.3) 



Thus we can get f{x,t) = g{(f)t{x)) where g{x) = f{x,0). If n = rj = ^ A we precisely 
reproduce (|4.30l) and (14.311) from (15.21) and (15.31) . respectively. In this case the evolution of a particle 
system is described by the dynamical flow (|5.3I) generated by the Hamiltonian vector field (|5.1I) for a 
given Hamiltonian H. 

Introduce an extended Poisson tensor on R x M ||6l 

d d 

x = .+ 5^A- (5.4) 

and a generalized Hamiltonian vector field 

~ f)]-f f) f) 

A-„.-5Vi/) = = + (5.5) 

We can then rewrite the Hamilton's equation (15.21 ) compactly as the form 

I = Xnif) = {/, Hh = {/, H}^ + ^. (5.6) 

Similarly, we can extend the symplectic structure tu = n^^ to the product manifold R x M by 
considering a new symplectic structure tu = ttIuj where 7r2 : R x M — )• M is the projection such that 
7r2(t, x) = X. Define uh = to + dH A dt. Then the pair (R x M, ojh) is called a contact manifold [6]. 

Supposed that observables / G C°°(M) do not depend on time explicitly, i.e., ^ = 0. Look 
at the equation (|5.3I) . We figure out the time evolution of the system in this case is determined by 
simply calculating the Poisson bracket with a Hamiltonian function H. In other words, in the case of 
^ = 0, the time evolution is just the inner automorphism of Poisson algebra (M, {-, -j^)!!!] Therefore, 
the time in the Hamilton's equation (15.21) is basically an affine parameter to trace out the history of 
a particle and it is operationally defined by the Hamiltonian. That is, the time in the Hamiltonian 
dynamics is intrinsically the history of particles themselves. But we have to notice that, only when 
the symplectic structure is fixed for a given Hamiltonian, the evolution of the system is completely 
determined by the evolution equation (15.31 ). In this case the dynamics of the system can be formulated 
in terms of an evolution with a single time parameter. In other words, we have a globally well-defined 
time for the evolution of the system. This is the usual situation we consider in classical mechanics. 



^' One may imagine that the system (I5.2l i is quantized a la ( 11.5b . Then the time evolution of a quantum system is 
derived from a Heisenberg algebra, i.e., ifi^ — [/, H] for f,HG An- This is also in the Une of our philosophy that a 
geometry is derived from an algebra. 
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But, if observables / G C°°(M) including the Hamiltonian H explicitly depend on time, i.e., 
^ 7^ 0, the time evolution of the system is not completely determined by the inner automorphism of 
the Poisson algebra only. So the time evolution partially becomes an outer automorphism. However, 
as we remarked above, we can extend an underlying Poisson structure like as (15.41) or introduce a 
contact manifold (R x M, ujh) by extending an underlying symplectic structure. The time evolution 
of a particle system is again defined by an inner automorphism of extended Poisson algebra (R x 

{■, ■}5f). But in this case the time should be regarded as a dynamical variable whose conjugate 
momentum is given by the Hamiltonian H as indicated by the Poisson structure (|5.4I) . So the time 
should be defined locally in this case. Let us clarify this situation. 

Consider a dynamical evolution described by the change of a symplectic structure from u to 
uj-t = uj + t{uj' — Lo) for all < t < 1 where tu' — tu = —edA. The Moser lemma (12.51 ) says 
that there always exists a one-parameter family of diffeomorphisms generated by a smooth time- 
dependent vector field Xt satisfying Lxt^t = eA. Although the vector field Xt defines a dynamical 
one-parameter flow, the vector field Xt is in general not even locally Hamiltonian because dA ^ 0. 
The evolution of the system in this case is locally described by the flow 0t of Xt starting at Fq = 
identity but it is no more a (locally) Hamiltonian flow. In this case we fail to have the property 
l^xj = {f^H}^^ in (15.31 ) and so we have no global Hamiltonian flow. That is, there is no well- 
defined or global time for the particle system. In other words, the time flow (pt of Xt defined on a 
local chart describes only a local evolution of the system. 

We observed the equivalence (14.411) for the dynamics of a charged particle. Let us consider the 
above situation by looking at the left-hand side picture of (|4.41l) by fixing the symplectic structure but 
instead changing the Hamiltonian. (Note that the magnetic field in the Lorentz force (|4.35l) does not 
do any work. So there is no energy flow during the evolution.) At time t = 0, the system is described 
by the free Hamiltonian Hq but it ends up with the Hamiltonian (14.321 ) at time t = 1 . Therefore the 
dynamics of the system cannot be described with a single time parameter covering the entire period 
< t < 1. We can introduce at most a local time during 5t < e on a local patch and smoothly adjust 
to a neighboring patch. To say, a clock of the particle will tick each time with a different rate because 
the Hamiltonian of the particle is changing during time evolution. As we already remarked before, 
we may also need to quantize the time according to the Poisson structure (15.41) in order to describe a 
quantum evolution of a system in terms of an extended inner automorphism such as (15.61) . 

Now we can apply the same philosophy to the case of the Poisson structure (|1.6I) defined on a 
space itself [5|. The mathematics is exactly the same. An essential point to define the time evolution 
of a system was that any Poisson manifold (M, vr) always admits the Hamiltonian dynamical system 
(15.21 ) on M defined by the Hamiltonian vector field X^ given by (15.11 ). We have faced the same 
situation with the 6'-bracket (11.61) whose time evolution was summarized in Eq. (|2.5l) . Of course one 
should avoid a confusion between the dynamical evolution of particle system related to the phase 
space (|1.4I) and the dynamical evolution of spacetime geometry related to the noncommutative space 
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We would get an important lesson from Souriau and Sternberg f45\ that the Hamiltonian dynamics 
in the presence of electromagnetic fields can be described by the deformation of symplectic structure 
of phase space. More precisely, we observed that the emergent geometry is defined by a one-parameter 
family of diffeomorphisms generated by a smooth vector field Xt satisfying ixt^t + ^ = for the 
change of a symplectic structure within the same cohomology class from tu to cot = to + t{uj' — tu) 
for all < t < 1 where tu' — tu = dA. The vector field Xt is in general not a Hamiltonian flow, 
so any global time cannot be assigned to the evolution of the symplectic structure cot. But, if there 
is no fluctuation of symplectic structure, i.e., F = dA = or A = —dH, there can be a globally 
well-defined Hamiltonian flow. In this case we can define a global time by introducing a unique 
Hamiltonian such that the time evolution is defined by df/dt = Xj^if) = {/, Hjg^^-i everywhere. 
In particular, when the initial symplectic structure to is constant (homogeneous), a clock will tick 
everywhere at the same rate. Note that this situation happens for the constant background (11.171) from 
which a flat spacetime emerges as we will discuss soon in some detail. But, if to is not constant, the 
time evolution will not be uniform over the space and a clock will tick at the different rate at different 
places. This is consistent with Einstein gravity because a nonconstant co corresponds to a curved space 
in our picture, as we explained in Section 3.4. 

In the case of changing a symplectic structure, we can apply the same strategy as the particle case 
with the Poisson structure vr = So we suggest in general the concept of "Time" in emergent gravity 
Q as a contact manifold (Six M,coh) where (M, to) is a symplectic manifold and cuh = + dH A dt 
with tu = n^ijj defined by the projection 7r2 : R x M — )• M, 7r2(t,x) = x. A question is then 
how to recover the (local) Lorentz symmetry in the end. As we pointed out above, if (M, w) is 
a canonical symplectic manifold, i.e., M = R^" and (X'=constant, a (2n + 1) -dimensional Lorentz 
symmetry appears from the contact manifold (R x M,uh)- (For a more general case such as our 
(3 + 1) -dimensional Lorentzian world and a Poisson spacetime (13.931 ), we can instead use the Poisson 
structure in (I5.4| )- (|5.6I ). Or we may need even more general argument, which we don't know yet, for 
the situation we mentioned in the paragraph above (13.671 ).) Once again, the Darboux theorem says 
that there always exists a local coordinate system where the symplectic structure is of the canonical 
form. See Eq. (l2.7l) . For the Poisson case, we can apply the Weinstein's splitting theorem instead. See 
the paragraph in (13.931 ). Then it is quite plausible that the local Lorentz symmetry would be recovered 
in the previous way on a local Darboux chart. Furthermore, the Feynman's argument in Section 4.1 
implies that the gauge symmetry as well as the Lorentz symmetry is just derived from the symplectic 
structure on the contact manifold (R x M, uh)- For example, one can recover the gauge symmetry 
along the time direction by defining the Hamiltonian H = Aq + H' and the time evolution of a 
spacetime geometry by the Hamilton's equation Dq/ = df/dt + {Aq, = {/, H'}^^~_i. And 

then one may interpret the Hamilton's equation as the infinitesimal version of an inner automorphism 
like (13.331) . which was indeed used to define the vector field Vo{X) in (13.341) . 

Our proposal for the emergent time [|5]| is based on the fact that a symplectic manifold (M, cu) 
always admits a Hamiltonian dynamical system on M defined by a Hamiltonian vector field Xh, 
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i.e., lxh^ = dH. The emergent time can be generalized to the noncommutative space (|1.8I) by 
considering the inner derivation (13.141) instead of the Poisson bracket {/, H}q. If time is emergent 
in this way, it also implies a very interesting consequence. Note that every symplectic manifold 
{M, B) is canonically oriented and comes with a canonical measure, the Liouville measure, 5" = 
A - ■ ■ AB, which is a volume form of symplectic manifold (M, B) and nowhere vanishing on M. 
Therefore the symplectic structure B triggered by the vacuum condensate (13.681) not only causes the 
emergence of spacetime but also specifies an orientation of the spacetime. Because the time evolution 
of the spacetime is defined by the Poisson structure 7r = ^^ = i?^^asin (15.31) . overall time evolution 
of the spacetime manifold will have a direction depending on the orientation 5" although a local time 
evolution has the time reversal symmetry. If gravity is emergent from the electromagnetism supported 
on a symplectic manifold as we have devised so far, it may be possible to explain the "arrow of time" 
in the cosmic evolution of our Universe - the most notoriously difficult problem in quantum gravity. 

5.2 Cosmological constant problem and dark energy 

In general relativity, gravitation arises out of the dynamics of spacetime being curved by the presence 
of stress-energy and the equations of motion for the metric fields of spacetime are determined by the 
distribution of matter and energy: 

Rfiu — -^9iJiuR = —^T^y. (5.7) 

The Einstein equations (15.71) describe how the geometry of spacetime on the left-hand side is deter- 
mined dynamically, at first sight, in harmony with matter fields on the right-hand side. We know that 
the existence of spacetime leads to a "metrical elasticity" of space, i.e., to an inertial force which 
opposes the curving of space. 

However there is a deep conflict between the spacetime geometry described by general relativity 
and matter fields described by quantum field theory. If spacetime is flat, i.e., g^y = r]^u, the left- 
hand side of Eq. (15.71) identically vanishes and so the energy-momentum tensor of matter fields should 
vanish, i.e., T^,, = 0. In other words, a flat spacetime is free gratis, i.e., costs no energy. But 
the concept of empty space in Einstein gravity is in an acute contrast to the concept of vacuum in 
quantum field theory where the vacuum is not empty but full of quantum fluctuations. As a result, the 
vacuum is extremely heavy whose weight is roughly of Planck mass, i.e., p^ac ~ Mj,. 

The conflict rises to the surface that gravity and matters respond differently to the vacuum energy 
and perplexingly brings about the notorious cosmological constant problem. Indeed the clash mani- 
fests itself as a mismatch of symmetry between gravity and matters fM^. To be precise, if we shift a 
matter Lagrangian Cm by a constant A, that is, 

Cm ^ Cm - 2A, (5.8) 

it results in the shift of the matter energy-momentum tensor by Ti^,„ — )■ T^j, — Ag^^, in the Einstein 
equation (15.71 ) although the equations of motion for matters are invariant under the shift (15.81 ). Defi- 
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nitely the A-term in Eq. (l5.8l) will appear as the cosmological constant in Einstein gravity and it affects 
the spacetime structure. For example, a flat spacetime is no longer a solution of (I5.7I ). 

Let us sharpen the problem arising from the conflict between the geometry and matters. In quan- 
tum field theory there is no way to suppress quantum fluctuations in a vacuum. Fortunately the 
vacuum energy due to the quantum fluctuations, regardless of how large it is, does not make any trou- 
ble to quantum field theory thanks to the symmetry (15.81) . However the general co variance requires 
that gravity couples universally to all kinds of energy. Therefore the vacuum energy pvac ~ Mp will 
induce a highly curved spacetime whose curvature scale R would be ~ Mp according to (15.71) . If so, 
the quantum field theory framework in the background of quantum fluctuations must be broken down 
due to a large back-reaction of background spacetime. But we know that it is not the case. The quan- 
tum field theory is well-defined in the presence of the vacuum energy p^ac ~ Mj, and the background 
spacetime still remains flat. So far there is no experimental evidence for the vacuum energy to really 
couple to gravity while it is believed that the vacuum energy is real as experimentally verified by the 
Casimir effect. 

Which side of Eq. (|5.7l) is the culprit giving rise to the incompatibility ? After consolidating all the 
suspicions inferred above, we throw a doubt on the left-hand side of Eq. (|5.7l) . especially, on the result 
that a flat spacetime is free gratis, i.e., costs no energy. It would be remarked that such a result is 
not compatible with the inflation scenario either which shows that a huge vacuum energy in a highly 
nonequilibrium state is required to generate an extremely large spacetime. Note that Einstein gravity 
is not completely background independent because it assumes the prior existence of a spacetime 
manifoldo In particular, the flat spacetime is a geometry of special relativity rather than general 
relativity and so it is assumed to be a priori given without reference to its dynamical origin. This 
reasoning implies that the negligence about the dynamical origin of flat spacetime defining a local 
inertial frame in general relativity might be a core root of the incompatibility inherent in Eq. (|5.7|) . 

All in all, one may be tempted to infer that a flat spacetime may be not free gratis but a result of 
Planck energy condensation in a vacuum. Now we will show that inference is true [|37ll . Surprisingly, 
the emergent spacetime picture then appears as the Holy Grail to cure several notorious problems 
in theoretical physics; for example, to resolve the cosmological constant problem, to understand the 
nature of dark energy and to explain why gravity is so weak compared to other forces. After all, our 
final pinpoint is to check whether the emergent gravity from noncommutative geometry is a physically 
viable theory to correctly explain the dynamical origin of flat spacetime. 

Let us start with a background independent matrix theory, for example, (13.31 ) or (13.591 ). where any 
spacetime structure is not introduced. A specific spacetime background, viz., a flat spacetime, has 
been defined by specifying the vacuum (13.221 ) of the theory. Now look at the metric (12.671 ) or (13.391) 
to trace back where the flat spacetime comes from. The flat spacetime is the case with = 5^, 
so = I. The vector field Va = V^d^ = da for this case is coming from the noncommutative 

^^Here we refer to a background independent theory where any spacetime structure is not a priori assumed but defined 
by the theory. 
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gauge field A^a"* = (^i°^)vac = -BabV^ in (13.691) whose field strength is (-Fi|;'^)vac = -Bab, describing 
a uniform condensation of gauge fields in vacuum. See Eg. (13. 681) . Therefore we see that the flat 
spacetime is emergent from the vacuum algebra (11.81) induced by a uniform condensation of gauge 
fields in vacuum. This is a tangible difference from Einstein gravity where the flat spacetime is 
completely an empty space. 

The emergent gravity defined by the action (|3.31l) . for example, responds completely differently 
to the constant shift (15.81 ). To be specific, let us consider a constant shift of the background Bmn — ^ 
Bmn + 5 Bmn- Then the action (13.311) in the new background becomes 

Sb+5b = Sb + — / (f XFmn^Bmn — -r^ — / ^^-^ (^^mn ~ '^B^^SBmn) ■ (5.9) 

The last term in Eg. (15. 91) is simply a constant and thus it will not affect the eguations of motion 
(13.491 ). The second term is a total derivative and so it will vanish if J dPXFuN = 0. (It is a 
defining property flVl in the definition of a star product that / d^Xf * ^ = / d^Xf ■ 'g. Then the 
second term should vanish as far as — )■ at infinity.) If spacetime has a nontrivial boundary, 
the second term could be nonvanishing at the boundary, which will change the theory under the shift. 
We will not consider a nontrivial spacetime boundary because the boundary term is not an essential 
issue here, though there would be an interesting physics at the boundary. Then we get the result 
Sb+sb — Sb- Indeed this is the Seiberg-Witten eguivalence between noncommutative field theories 
defined by the noncommutativity 9' = ^^^^ and 9 = ^ [fTOfl . Although the vacuum (13.681 ) readjusts 
itself under the shift, the Hilbert spaces Tig/ and T-Lg in (11.181) are completely isomorphic if and only 
if 9 and 9' are nondegenerate constants. Furthermore the vector fields in (13.331) generated hy B + 5B 
and B backgrounds are egually flat as long as they are constant. Conseguently two different constant 
backgrounds are related by a global Lorentz transformation. Eg. (12. 991) also shows that the background 
gauge field does not contribute to the energy-momentum tensor in Eg. (|2. 1031) . 

Therefore we clearly see that the constant shift of energy density such as (15.81 ) is a symmetry 
of the theory (13.311 ) although the action (13.311) defines a theory of gravity in the sense of emergent 
gravity. As a conseguence, there is no cosmological constant problem in emergent gravity [1371 . Now 
let us estimate the dynamical scale of the vacuum condensation (13.681) . Because gravity emerges from 
noncommutative gauge fields, the parameters, Qym ^nd \9\, defining a noncommutative gauge theory 
should be related to the Newton constant G in emergent gravity. A simple dimensional analysis leads 
to the relation (|2.105l) . This relation immediately leads to the fact p] that the energy density of the 
vacuum (13.681) is 

Pvac ~ l^afeP ~ M|, (5.10) 

where Mp = (SttG)^^/^ ~ lO^^GeV is the Planck mass. Therefore the emergent gravity finally 
reveals a remarkable picture that the huge Planck energy Mp is actually the origin of a flat spacetime. 
Hence we conclude that a vacuum energy does not gravitate unlike as Einstein gravity and a flat 
spacetime is not free gratis but a result of Planck energy condensation in vacuum ll37l . 
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If the vacuum algebra (11.81) describes a flat spacetime, it can have a very important implication to 
cosmology. According to our picture for emergent spacetime, a flat spacetime is emergent from the 
Planck energy condensation in vacuum and thus the time scale for the condensate will be roughly of 
Planck time. And we know that there was an epoch of very violent time varying vacuum, the so-called 
cosmic inflation. Therefore it is natural to expect that an explosive inflation era lasted roughly 10^'^^ 
seconds at the beginning of our Universe corresponds to a dynamical process for the instantaneous 
condensation of vacuum energy pvac ~ Mp to enormously spread out a flat spacetime. Of course it 
is not clear how to microscopically describe this dynamical process using the matrix action (13.591) . 
Nevertheless it is quite obvious that the cosmological inflation should be the dynamical condensation 
of the vacuum energy p^ac ~ Mj, for the emergence of (flat) spacetime according to our emergent 
gravity picture. 

In addition, our picture for the emergent spacetime implies that the global Lorentz symmetry 
should be a perfect symmetry up to Planck energy because the flat spacetime was emergent from the 
Planck energy condensation in vacuum - the maximum energy in Nature. The huge vacuum energy 
Pvac ~ l-BabP ~ Mp was simply used to make a flat spacetime and so, surprisingly, does not gravitate 
ll37l ! Then the gravitational fields generated by the deformations of the background (13.681) will 
be very weak because the spacetime vacuum is very solid with a stiffness of the Planck scale. So 
the dynamical origin of flat spacetime is intimately related to the weakness of gravitational force. 
Furthermore, the vacuum algebra (11.171) describes an extremely coherent condensation because it is 
equal to the Heisenberg algebra of n-dimensional quantum harmonic oscillator. As a consequence, 
the noncommutative algebra (|1.17l) should describe a zero entropy state in spite of the involvement of 
Planck energy. It is very mysterious but it should be the case because a flat spacetime emergent from 
the algebra (11.171) is completely an empty space from the viewpoint of Einstein gravity and so has no 
entropy. This reasoning also implies that the condensation of vacuum energy p^ac ~ Mj, happened at 
most only once. 

We observed that the dynamical scale of the vacuum condensate is of the Planck scale. The emer- 
gence of spacetime was arisen by accumulating Planck energy in vacuum. But the Planck energy 
condensation causes the underlying spacetime to be noncommutative, which will introduce an un- 
certainty relation between microscopic spacetime. Therefore, a further accumulation of energy over 
the noncommutative spacetime will be subject to the UV/IR mixing [1751 . The UV/IR mixing in the 
noncommutative spacetime then implies that any UV fluctuations of the Planck scale L p will be nec- 
essarily paired with IR fluctuations of a typical scale Lh- These vacuum fluctuations around the flat 
spacetime will add a tiny energy 5p to the vacuum (15.101 ) so that the total energy density is equal to 
p ~ Mp + 5 p. A simple dimensional analysis and a symmetry consideration, e.g., the cosmological 
principle, lead to the estimation of the vacuum fluctuation fi74ll 



It might be remarked that, though the second term in (|5.1 1|) is nearly constant within a Hubble patch. 




(5.11) 
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it is not completely constant over the entire spacetime while the first term is a true constant, because 
the vacuum fluctuation 5p has a finite size of Lh and so it will act as a source of spacetime curvature 
of the order l/Lj^. Because the first term in p does not gravitate, the second term 5p will thus be a 
leading contribution to the deformation of spacetime curvature, leading to possibly a de Sitter phase. 
Interestingly this energy of vacuum fluctuations. So ~ ,2^2 , is in good agreement with the observed 
value of current dark energy lITH [371, if Lh is identified with the size of the cosmic horizon of our 
universe. 

As we reasoned above, the existence of the energy 5p in (15.1 II) seems to be a generic property 
of emergent gravity based on noncommutative spacetime. Therefore the emergent spacetime would 
leave the vestige of this energy somewhere. Readers may remember that we discussed some strange 
energy in Section 2.3. So let us go back to Eg. (12. 1021 ). Although we have taken the Euclidean 
signature to get the result (12.1021 ), we will simply assume that it can be analytically continued to the 
Lorentzian signature. The Wick rotation will be defined by = iy'^. Under this Wick rotation, 
Sab rjab = (- + ++) and e^^^^ = 1 _^oi23 ^ jj^gj^ -^{e) ^ ^^(l) according to the 

definition (12.961) . It is then given by O 

= 167rG4A^ (pmP^ + ^M^^ - \9,.{PI + ^a)) (5-12) 

where = 2d^\ and ^'^ = E^^a- 

The Raychaudhuri equation 117611771 is evolution equations of the expansion, shear and rotation of 
flow lines along the flow generated by a vector field in a background spacetime. Here we introduce 
an affine parameter r labeling points on the curve of the flow. Given a timelike unit vector field m'^, 
i.e., u^u^ = —1, the Raychaudhuri equation in four dimensions is given by 

e - nf^ + Jl^.W' - ^.n^" + = -R^^u^^u". (5.13) 

= u^;v represents the expansion/contraction of volume and = ^ while ii^ = u^-^u^ represents 
the acceleration due to nongravitational forces, e.g., the Lorentz force. S^^, and are the shear 
tensor and the vorticity tensor, respectively, which are all orthogonal to u^, i.e., S^i.m'^ = i^^uU'^ = 0. 
The Einstein equation (12.1031 ) can be rewritten as 

R^, = 87rG{T^, - ^9,,,Tx^) (5.14) 

where T^i, = E'^E^Tab- One can see from (15.141) that the right-hand side of (15.131) is given by 

- R^,uV = -^u^u-{p^p, + ^^^,) (5.15) 

where we considered the energy-momentum tensor (15.121) only for simplicity. 

Suppose that all the terms on the left-hand side of Eq. (|5.13l) except the expansion evolution Q 
vanish or become negligible. In this case the Raychaudhuri equation reduces to 

= '^W^W'ip.p, + ^^^,). (5.16) 
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Note that the Ricci scalar is given hy R = ^g^'^{p^Pu + ^fi^u)- Therefore R < when 
and are timelike while R > when they are spacelike. Remember that our metric signature 
is ( — h ++). So, for the timelike perturbations, < which means that the volume of a three 
dimensional spacelike hypersurface orthogonal to decreases. However, if spacelike perturbations 
are dominant, the volume of the three dimensional spacelike hypersurface can expand. For example, 
consider the scalar perturbations in (|2.107l) . i.e., 

(Papb) = \r]abpl {^a^b) = \vabK (5.17) 

For spacelike purturbations, Eq. (|5.16l) becomes 

e = J > 0. (5.18) 

The perturbation (15.171) does not violate the energy condition because u^u'^T^u^ = > ac- 

cording to (15.121) . This means that the Liouville energy-momentum tensor (15.121) can act as a source 
of gravitational repulsion and exert a negative pressure causing an expansion of universe, possibly 
leading to a de Sitter phase fT7\. As was pointed out in (12.1081) . it can behave like a cosmological 
constant, i.e., p = —p, in a constant (or almost constant) curvature spacetime. Another important 
property is that the Liouville energy (15.121) is vanishing for the flat spacetime. So it should be small 
if the spacetime is not so curved. 

To be more quantitative, let us consider the fluctuation (15.171) and look at the energy density 
u^u^'tIw^ along the flow represented by a timelike unit vector as in Eq. (|5.15l ). Note that the 
Riemannian volume is given by Vg = X'^u = ^/^d^y. Also it was shown in [[5l that ^ is the 
Hodge-dual to the 3-form H. Thus n^p^ and u^'^ ^ refer to the volume change of a three dimensional 
spacelike hypersurface orthogonal to u'^. Assume that the radius of the three dimensional hypersurface 
is Lh{t) at time r, where r is an affine parameter labeling the curve of the flow. Then it is reasonable 
to expect that u'^P/j. = 2u^d^X ^ 2\/Lh{t) ^ u^"^^ because the Ricci scalar R Then we 

approximately get BH 

1 1 

If we identify the radius Lh with the size of cosmic horizon, the energy density (15.191 ) reproduces the 
dark energy 5p in (|5.11|) up to a factor. 



6 Conclusion and Discussion 

We suggested that the quantum gravity must be defined by quantizing spacetime itself by the Newton 
constant G. This quantization scheme is very different from the conventional one where quantiza- 
tion is basically to quantize an infinite dimensional particle phase space associated with spacetime 
metric fields in terms of the Planck constant h. Our observation is that the existence of the New- 
ton constant in Nature can be translated into a symplectic or Poisson structure of spacetime and the 
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canonical quantization of the underlying symplectic or Poisson structure inevitably leads to spacetime 
noncommutative geometry. It turns out that the electromagnetism defined on the symplectic or Pois- 
son spacetime enjoys very beautiful properties: the Darboux theorem and the Moser lemma. From 
these theorems, we can formulate the equivalence principle even for the electromagnetic force such 
that there always exists a coordinate transformation to locally eliminate the electromagnetic force. 
This equivalence principle could be fully lifted to a noncommutative spacetime and so the so-called 
"quantum equivalence principle" could be identified as a gauge equivalence between star products. 
This implies that quantum gravity can consistently be derived from the quantum equivalence principle 
and matter fields can arise from the quantized spacetime. 

If gravity emerges from a field theory, it is necessary to realize the Newton constant G from the 
field theory. That is the reason why the field theory should be defined with an intrinsic parameter 
of (length)^ and a noncommutative spacetime elegantly carries out this mission. The only other 
example of such a theory carrying an intrinsic constant of (length)^ is string theory where a' plays a 
role of G or |^^|. A unique feature of string theory due to the existence of a' is T-duality lIH, which 
is a symmetry between small and large distances, symbolically represented by i? ^ a' /R. This 
symmetry implies the existence of minimum length scale in spactime and so signifies an intrinsic 
noncommutative spacetime geometry. The T-duality is a crucial ingredient for various string dualities 
and mirror symmetry. For the very similar reason, the gravity in string theory also basically arises 
in the context of emergent gravity although many string theorists seem to be reluctant about this 
interpretation. Recently Blau and Theisen vividly summarize this picture in their review article iTTSlI : 

There are basically two approaches to formulate a quantum theory of gravity. The first 
treats gravity as a fundamental interaction which it attempts to quantise. In the second 
approach gravity is not fundamental but an emergent phenomenon. String theory falls 
into the second category. It has the gratifying feature that not only gravity but also 
the gauge interactions which are mediated by a spin one gauge boson are emergent. 
String theory thus provides a unifying framework of all elementary particles and their 
interactions: it inevitably and automatically includes gravity ( in the form of a massless 
traceless symmetric second-rank tensor excitation of the closed string, identified with the 
graviton) in addition to gauge forces which arise from massless excitation of the open or 
closed string (depending on the perturbative formulation of the theory). 

We feel the emergent gravity we have discussed so far is very parallel to string theory in many 
aspects. We may understand this wonderful similarity by noticing the following fact [5]. A Rieman- 
nian geometry is defined by a pair (M, g) where the metric g encodes all geometric informations 
while a symplectic geometry is defined by a pair (M, u) where the 2-form uj encodes all. A basic 
concept in Riemannian geometry is a distance defined by the metric. One may identify this distance 
with a geodesic worldline of a "particle" moving in M. On the contrary, a basic concept in symplec- 
tic geometry is an area defined by the symplectic structure. One may regard this area as a minimal 
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worldsheet swept by a "string" moving in M. In this picture the wiggly string and so a fluctuating 
worldsheet may be interpreted as a deformation of the symplectic structure in spacetime M. But we 
know that a Riemannian geometry (or gravity) is emergent from wiggly strings or the deformation 
of the symplectic structure ! Amusingly, the Riemannian geometry is probed by particles while the 
symplectic geometry would be probed by strings. 

Hence the emergent gravity we have reviewed in this paper may be deeply related to the string 
theory. It may be supported by the fact that many essential aspects of string theory, for example, 
AdS/CFT correspondence, open-closed string duality, noncommutative geometry, mirror symmetry, 
etc. have also been realized in the context of emergent noncommutative geometry. So we may mod- 
erately claim that string theory is simply a "stringy" realization of symplectic or Poisson spacetime. 

There are many important issues that we didn't even touch. 

Although we have speculated that matter fields can emerge from stable localized geometries de- 
fined by noncommutative ^-algebra, we could not understand how particle masses can be generated 
from the noncommutative ^ir-algebra, in other words, how to realize the spontaneous electroweak 
symmetry breaking or the Higgs mechanism. We believe this problem could be deeply related to the 
question how the extra internal space F for weak and strong forces in Section 4 was dynamically 
compactified. We don't know it yet except some vague ideas. From the background independent 
formulation of quantum gravity, the Standard Model is completely an unexplored territory. We don't 
know yet what the Standard Model is from the emergent spacetime point of view. 

How does supersymmetry arise from a background independent quantum gravity theory and what 
is the role of supersymmetry in the emergent geometry and emergent matters ? How to break it ? We 
have no idea about supersymmetry. But that issue should be understood in the near future. 

Though we have tried to concretely formulate the emergent gravity as far as possible, a rigor- 
ous mathematical formulation of emergent gravity and especially background independent quantum 
gravity is highly demanded as ever. We think that Lie algebroid will be a very useful mathematical 
framework for emergent gravity. Here we will introduce the definition of Lie algebroid ||66l to appre- 
ciate how much it sounds like a mathematical manifestation of emergent quantum gravity. A progress 
along this line will be published elsewhere. 

A Lie algebroid is a triple {E, [■, ■], p) consisting of a smooth vector bundle E over a manifold 
M, together with a Lie algebra structure [•, •] on the vector space T(E) of the smooth global sections 
of E, and a morphism of vector bundles p : E TM, called the anchor, where TM is the tangent 
bundle of M. The anchor and the bracket are to satisfy the Leibniz rule such that 



for aU X,Y e T{E) and / G C°°(M). Here p{X)f is the derivative of / along the vector field p(X). 
The anchor p defines a Lie algebra homomorphism from the Lie algebra of sections of E, with Lie 
bracket [■,-], into the Lie algebra of vector fields on M , i.e.. 



[XJY]=f[X,Y] + {p{X)f)-Y 



(6.1) 




(6.2) 
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If M is a Poisson manifold, then the cotangent bundle T*M — )■ M is, in a natural way, a Lie 
algebroid over M. The anchor is the map n'^ : T*M — )■ TM defined by the Poisson bivector tt. 
See Eq. (|3.94l) . The Lie bracket [■, ■] of differential 1-forms satisifes [df,dg\ = d{f,g}T, for any 
functions f,gE C°°{M), where {/, g}^ = 7i(df, dg) is the Poisson bracket defined by vr. When tt is 
nondegenerate, M is a symplectic manifold and this Lie algebra structure of V{T*M) is isomorphic 
to that of r(TM). A noncommutative generalization, i.e. {/, g}-,, — )• — 'g\i„ seems to be possible. 

Because the background independent quantum gravity does not assume any kind of spacetime 
structure, a natural question is then why spacetime at large scales is four dimensions. If gravity is 
emergent from gauge field interactions, we may notice that electromagnetism is now only a long 
range force in Nature. Weak and strong forces are short range forces, so they will affect only mi- 
croscopic structure of spacetime. Then we may infer that only the electromagnetism is responsible 
for the large scale structure of spacetime. In this regard, there is a funny coincidence Il36l . If we 
compare the number of physical polarizations of photons and gravitons in D dimensions and find the 
matching condition of the physical polarizations, we get a cute number: >b{A^) = D — 2 = ^^^^^-^^ = 
^idnu) =^ D = 1 OT D = A, where ^ denotes the number of polarizations. Of course, we have 
to throw D = 1 away because it is not physically meaningful. Does this unfledged math have some 
meaning ? 
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